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Q«^ ■ Abstract. Let fc be a number field and k a fixed quadratic extension of k. In tliis 

paper and its companion, we find the mean value of the product of class numbers 
rH ' and regulators of two quadratic extensions F,F* ^ k contained in the biquadratic 

^ . extensions of k containing fc. 
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If /c is a number field tlien let A^, hk and Rk be the absolute discriminant (which is 



y^ \ an integer), the class number and the regulator, respectively. We fix a number field 

k and a quadratic extension k oi k. If F 7^ fc is another quadratic extension of k, 
let F be the compositum of F and k. Then F is a biquadratic extension of k and so 
contains precisely three quadratic extensions, k, F and, say, F* of k. We say that F 



and F* are paired. In this paper and its companion ^7j , we shall find the mean value 



>, 
'sj- , of hFRphF*RF* or, equivalently, the mean value of h^Rp with respect to A^? . 



Our main results are Theorem [7.12| and Corollaries [7.171 and |7.18| in which k is 



\Q • an arbitrary number field and F runs through quadratic extensions with given local 

O . behaviors at a fixed finite number of places. However, for the sake of simplicity, we 

state our results here assuming that fc = Q and that F runs through either real or 
imaginary quadratic extensions of Q without any further local conditions. 

Let fc = Q(-\/5o) where lio 7^ 1 is a square free integer. Suppose |Aq(^/^-)| = 

H ! HpP'''''''^''^ is ^^^ prime decomposition. Note that 5p((io) > if and only if p is ramified 

>■ ! in Q(a/5o). Moreover, if p 7^ 2 is ramified in Q(\/5o) then Sp^do) = 1, and if p = 2 

K^ , then 6p{do) = 2 when do = 3 (4) and Sp{do) = 3 when do is an even number. Note 

H i that if do = 1,5 (8) then the prime 2 is split or inert in Q(\/do), respectively. 

For any prime number p, we put 

{1 — 3p^^ + 2p~^ + p^^ — 2p~^ if p is split in fc, 

(1 +p"^)(l — j9"^ —p^^ +P^^) if P is inert in fc, 

(l-p-^)(l+p-2-p-3+p-2'^''('^«)-2L'5f'('^o)/2J-i) if p is ramified in fc, 

where \_5p{do)/2\ is the largest integer less than or equal to 6p{do)/2. 
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We define 

fl6 do>0, ,.. JAn' do>0, 

I StT rfo < 0; I O'^ "0 < 0; 

Mido) = |A^j(^)|5CQ(^)(2)n^;(^o). 

p 
The following theorems are special cases of Corollaries [7.17| , [7.18| . 

Theorem 1.1. With either choice of sign we have 

lim X"^ ^ hFRFhF*RF- =c±{doy^M{do 



[F:Q]=2, 
Q<±Af<X 



1-0 



Theorem 1.2. With either choice of sign we have 

lim X"^ 2_^ hF(y/d[,)RF{Vd^) = <^±idoy^hQ(^^^^RQ(^^/^^M{do). 



X^oo 



[F:Q]=2, 
0<±Ap<X 



Note that in Theorem |1.1| ii dQ > and Af < then both F and F* are imaginary 
quadratic fields and so Theorem |l]l| states that 

Jhn^X-2 Yl hFhF* = ^M{do), 

^°° [F:Q]=2, 

0<-Af<X 

which reflects the titles of this paper and [jl^ . 

Theorems of this kind are called density theorems. Many density theorems are 
known in number theory including, for example, the prime number theorem, the the- 
orem of Davenport-Heilbronn , [0 on the density of the number of cubic fields and 
the theorem of Goldfeld-Hoffstein on the density of class number times regulator 
of quadratic fields. 

Among the three density theorems we quoted above, the prime number theorem, 
which is probably the best known density theorem, is of a more multiplicative nature 
than the other two theorems and our result has more similarities to these. We would 
like to point out that the Euler factor 1 —p^^ —p^^ +P~^, which appears in E'p{do) in 
our result when p is inert, also occurred in the Goldfeld-Hoffstein theorem at every 
odd prime. We do not as yet understand the significance of this coincidence. 

The original proof of the Davenport-Heilbronn theorem used the "fundamental do- 
main method" and the original proof of the Goldfeld-Hoffstein theorem used Eisen- 
stein series of half- integral weight. However, these two theorems can also be proved 
using the zeta function theory of prehomogeneous vector spaces. The Davenport- 
Heilbronn theorem corresponds to the space of binary cubic forms and the Goldfeld- 
Hoffstein theorem corresponds to the space of binary quadratic forms. The global 
theory of these two cases was investigated extensively by Shintani in |^, [^. The 
local theory and the proof of the density theorem, which use the global theory carried 
out by Shintani, were done by Datskovsky and Wright [Q, in the first case and by 
Datskovsky in the second (also correcting a minor error in the constant appearing 
in the Goldfeld-Hoffstein theorem). This zeta function theory of prehomogeneous 
vector spaces is the approach we take to prove Theorems Ol and |1.2|. 
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We now recall the definition of prehomogeneous vector spaces. Let G be a reductive 
group and V a representation of G both of which are defined over an arbitrary field k of 
characteristic zero. For simplicity, we assume that V is an irreducible representation 
of G. 

Definition 1.3. The pair {G, V) is called a prehomogeneous vector space if 

(1) there exists a Zariski open G-orbit in V and 

(2) there exists a non-constant polynomial P{x) G k[V] and a rational character 
x{g) of G such that P{gx) = x{.g)P{x) for all g E G and x E V. 

Any polynomial P{x) in the above definition is called a relative invariant poly- 
nomial. It is known that if P{x) is the relative invariant polynomial of the lowest 
degree then any other relative invariant polynomial is a constant multiple of a power 
of P{x). So if we put V^^ = {x E V \ P{x) ^ 0} then this definition does not depend 
on the choice of P[x). 

The notion of prehomogeneous vector spaces was introduced by M. Sato in the early 
1960 's. The principal parts of global zeta functions for some prehomogeneous vector 
spaces have been determined by Shintani [^, |]22|, and the second author [^ 



Roughly speaking, the global zeta function is a counting function for the unnormalized 
Tamagawa numbers of the stabilizers of points in V^ . This interpretation of expected 
density theorems for prehomogeneous vector spaces is discussed in the introduction 
to p6| and in section 5 of [l^, p. 342, in some cases including those we will consider 
in this paper. Unfortunately, the global zeta function is not exactly this counting 
function and Datskovsky and Wright formulated in |^ what we call the filtering 
process to deal with this difficulty. 

To explain the need for the filtering process we consider the space of binary qua- 
dratic forms. Gauss made a conjecture in [§] on the density of class number times 
regulator of orders in quadratic fields. This conjecture was proved by Lipschutz |1^ 



in the case of imaginary quadratic fields and by Siegel [23| in the case of real quadratic 



fields, and much work has been done on the error term estimate also (see Shintani 



[ p^ , pp. 44, 45 and Chamizo-Iwaniec 0, for example). However, each quadratic 
field has infinitely many orders and so we must filter out this repetition in order to 
obtain the density of class number times regulator for quadratic fields. 

In order to apply the filtering process it is necessary to carry out at least the 
following steps: 

(1) Find the principal part of the global zeta function at its rightmost pole. 

(2) Find a uniform estimate of the standard local zeta functions. 

(3) Find the local densities. 

Note that, despite Tauberian theory, (1) is necessary even to show the existence of 
the density. The standard local zeta functions will be defined in section |^. If we 
apply the filtering process the constant in the density theorem will have an Euler 
product and we call the Euler factor the local density. Also, we must point out that 
the present formulation of the filtering process does not allow us to use the poles of 
the global zeta function other than the rightmost pole, as can be done in the case of 
integral equivalence classes. It is an important problem in the future to improve the 
filtering process so that we can get error term estimates. However, although it does 
not, in its current form, yield an error term, our approach does appear to be the only 
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one presently available which allows the field A; to be a general number field rather 
than just Q. 

Let Aff" be n-dimensional affine space regarded as a variety over the ground field 
k. Let k he a fixed quadratic extension of k, W the space of binary fc-Hermitian 
forms and M(2, 2) the space of 2 x 2 matrices. We regard GL(2)^ as a group over k. 
In this paper and [|1^], we consider the following two prehomogeneous vector spaces: 

(1) G = GL(2) X GL(2) x GL(2), V = M(2, 2) ® Aff^ 

(2) G = GL(2)^ X GL(2), V = W ^ AS\ 

Case (2) is a fc-form of case (1). We gave an interpretation of the expected density 
theorem for case (2) in section 5 of [|I^. Let A; be a number field and G be the image 



of G in GL(l^). For x G V^^, let G° be the identity component of the stabilizer. In 
case (2), the orbit space Gk\V^^ corresponds bijectively with quadratic extensions 
of k and, if x corresponds to fields other than k and k, the weighting factor in the 
density theorem is the unnormalized Tamagawa number of G", which is more or less 
hpRFhp'RF* or hpRp. The principal part at the rightmost pole of the global zeta 



function for this case was obtained in |27], Gorollary 8.16. Therefore it remains to 



carry out steps (2) and (3) of the filtering process. 

Let w be a finite place of a number field k and k^ its completion at v. The local 
zeta functions we consider are certain integrals over G^^-orbits in V^^. The analogous 
integral over the set V^^ is called the Igusa zeta function. Igusa has made significant 



contributions to the computation of this type of integral (see [0], [jTT|, |[T^ |T3 



14], |15|), and the explicit form of the Igusa zeta function is known for many cases. 
However, we need information on integrals over orbits and we cannot deduce a uniform 
estimate from the present knowledge of Igusa zeta functions. Datskovsky and Wright 
[Q and Datskovsky accomplished the uniform estimate of the standard local zeta 
functions by explicitly computing them at all finite places. However, as the rank of 
the group grows, it becomes increasingly difficult to compute the explicit forms of the 
standard local zeta functions, especially at special places such as dyadic places, and 
we have to be abstemious with our labor. So we shall only prove a uniform estimate 
of the standard local zeta functions at all but finitely many places, without finding 
their explicit forms. 

We follow Datskovsky's approach in (which can also be seen implicitly in [0) to 
find the local densities. We must consider biquadratic extensions and consequently the 
dyadic places of k are difficult and technical to handle, given the possible appearance 



of wild ramification. For this reason, we have a separate paper |[T^ to deal with 



biquadratic extensions generated by two ramified quadratic extensions over a dyadic 
field. However, the reader should be able to find all the main ingredients for proving 



Theorems |1.1| and |1.2| in this part. 

For the rest of the introduction we discuss the organization of this paper. Through- 
out, except for section ^ /c is a fixed number field and A; is a fixed quadratic extension 
of k. In section §, k is an arbitrary field of characteristic zero and A; is a quadratic 
extension of it. In section |] we describe notation we use throughout the paper. In 
section ^ we review from ||16| the interpretation of the orbit space GkXV^^ for the 
prehomogeneous vector spaces (1) and (2) above and fix parametrizations of the sta- 
bilizers of certain points in V^^. In section we fix various normalizations regarding 
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the invariant measure on GL(2) both locally and globally. In section ^ we define a 
measure on the stabilizer of each point in V^^, both locally and globally, which is 
in some sense canonical and prove that the volume of G°^/G°;j is the unnormalized 
Tamagawa number of G°. As we mentioned above, this volume is the weighting factor 
in the density theorem. We also introduce the local zeta functions. In section ^ we 
first define and review the analytic properties of the global zeta function. Then we 
define the standard local zeta functions and express the global zeta function in terms 
of them, thus making it more or less a counting function for hpRphp*Rp*. The final 
and most important purpose of this section is to review the filtering process and to 
identify the conditions under which it works. Assuming these conditions, we then 
deduce a preliminary density theorem involving certain as yet unevaluated constants. 
In section ^ we list the values of those constants from later sections and state the final 
form of the density theorem. Therefore, sections |^ and |^ are the heart of this paper 
and [|17|. After finishing these sections, the reader should understand the outline of 



the proof of our result. Later sections are devoted to verifying the conditions men- 
tioned above and to evaluating the constants involved. In section |^ we introduce the 
notion of an omega set following Datskovsky 0. This set is used to describe the local 
zeta function, which is an integral over a subset of the vector space, as an integral 
over the group. In section |^ we prove a uniform estimate for the standard local zeta 
functions. In sections p!0|^l2| we find the constants needed to describe the final form 
of the density theorem, except for a few cases at dyadic places. Those dyadic cases 
are handled in part II and a separate introduction describing the particular technical 
difficulties associated with these cases will be given there. 



2. Notation 

This section is confined to establishing our basic notational conventions. Additional 
notation required throughout the paper will be introduced and explained in the next 
three sections. More specialized notation will be introduced in the section where it is 
required. 

If X is a finite set then ^X will denote its cardinality. The standard symbols Q, 
M, C and Z will denote respectively the rational, real and complex numbers and the 
rational integers. If a G M then the largest integer z such that z < a is denoted \_a\ 
and the smallest integer z such that 2; > a by \a\. The set of positive real numbers 
is denoted IR+. If R is any ring then R^ is the set of invertible elements of R and if 
y is a variety defined over R then Vr denotes its i?-points. If G is an algebraic group 
then G° denotes its identity component. 

Both k and k are number fields and so each number theoretic object we introduce 
for k has its counterpart for k. Generally the notation for the k object will be derived 
from that of the k object by adding a tilde. Let 93T, OJloo, 9?tf, OJldy, 93Tk and 97lc 
denote respectively the set of all places of fc, all infinite places, all finite places, all 
dyadic places (those dividing the place of Q at 2), all real places and all complex 
places. (Correspondingly we have 9Jt and so on.) Let OTtmi, 9?tin and DJlgp be the sets 
of places of k which are respectively ramified, inert and split on extension to k. Recall 
that a real place of k which lies under a complex place of k is regarded as ramified. 
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Let O be the ring of integers oi k. If f G 971 then ky denotes the completion of k 
at V and | |^, denotes the normahzed absolute value on ky. If t> G OJlf then Oy denotes 
the ring of integers of ky, iiy a uniformizer in Oy, py the maximal ideal of Oy and qy 
the cardinality of Oy/py. If a G fc„ and (a) = pl then we write ordA:„(a) = i. If i is a 
fractional ideal in ky and a — 6 G i then we write a = 6 (i) or a = 6 (c) if c generates i. 

If ki/k2 is a finite extension either of local fields or of number fields then we shall 
write Afc^/fc2 for the relative discriminant of the extension; it is an ideal in the ring 
of integers of ^2- The symbol A^^ will stand for Afc^/Q^ or A^^/q according as the 
situation is local or global. To ease the notational burden we shall use the same 
symbol, Afc^ , for the classical absolute discriminant of ki over Q. Since this number 
generates the ideal A^^, the resulting notational identification is harmless. If i is a 
fractional ideal in the number field ki and u is a finite place of ki then we write i^ 
for the closure of i in ki^y. It is a fractional ideal in ki^y. If i is integral then we put 
}sf(i) = #(Cfc^/i). Note that ?\f(i) = Hi, -'^^(^■y); where the product is over all finite 
places of ki and K„(p") = g° for a G Z. This formula serves to extend the domain of 
!N to all fractional ideals in ki. We shall use the notation Tr^j/fc^ and '^ki/k2 for the 
trace and the norm in the extension ki/k2- 

Returning to k, we let ri, r2, hk, Rk and e^ be respectively the number of real 
places, the number of complex places, the class number, the regulator and the number 
of roots of unity contained in k. It will be convenient to set 

(2.1) €k = 2''{27TY^hkRke^\ 

We assume that the reader is familiar with the basic definitions and facts concerning 
adeles. These may be found in |2^. The ring of adeles, the group of ideles and the 



adelic absolute value of k are denoted by A, A^ and | | respectively. When we 
have to show the number field or the local field on which we consider the j,bsolute 
value, we may use notation such as | \f- There is a natural inclusion A ^ A, under 
which an adele (a^)„ corresponds to the adele (6«,)^ such that b^ = ay if w\v. Let 
A"^ = {t G A^ I |t| = 1}. Using the identification /c 0^ A = A , the norm map 
N^,^ can be extended to a map from A to A. It is known (see p. 139 in [^) that 



|N^^^(t)| = |t|^ for t G A. Suppose [k : Q] = n. Then [k : Q] = 2n. For A G M+, 

A G A^ is the idele whose component at any infinite place is A" and whose component 
at any finite place is 1. Also A G A^ is the idele whose component at any infinite 
place is A 2^ and whose component at any finite place is 1. Clearly A = A^. Since 
|A| = A and |A|^ = A we conclude that |A|^ = A^. When we have to show the number 
field on which we consider A, we use the notation such as \p. 

If y is a vector space over k we let Va be its adelization and \4o and V^ its infinite 
and finite parts. Let iS(Va), >S(V^), iS(Vf) and SiVkJ) be the spaces of Schwartz- 
Bruhat functions on each of the indicated domains. 

We choose a Haar measure dx on A so that J^,^dx = 1. For any v G QJtf, we 

choose a Haar measure dxy on ky so that /^ dxy = 1. We use the ordinary Lebesgue 
measure dXy for v real, and dxy A dXy for v imaginary. Then dx = | Afc|^2 Y[^ dxy (see 



|l,p. 91). 
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We define a Haar measure d^t^ on A^ so that J^i,f,x d^t^ = 1- Using this measure, 
we choose a Haar measure d^t on A^ so that 



f{t)d''t= / / f{Xf)d''Xd''t' 



Xj.1 

AX Jo JAI 



where d^X = X ^dX. For any v G OJlf, we choose a Haar measure d^t^ on k^ so that 
J^x rf^tj, = 1. Let d^ty{x) = \x\^^dxy if v is real, and d^t^i^x) = \x\~^dx^ A dx^ if f is 
imaginary. Then d^t = €^^ Ili.'^^'^v (^^^ |25], P- 95). We later have to compare the 



global measure and the product of local measures and for that purpose it is convenient 
to notate the product of local measures on A, A^ as follows 

(2.2) dprX = Y]_dxy, dpj.t = Y\ d'^U ■ 

V V 

Let Ck{s) be the Dedekind zeta function of k. We define 

(2.3) Z,is) = |Afc|i (TT-ir (0)" ((27r)i-T(s))^^ ^(s) • 

This definition differs from that in |2^, p. 129 by the inclusion of the |Afc|^/^ factor 
and from that in [|28[ by a factor of {27^y^. It is adopted here as the most convenient 



for our purposes. We note that it was the quotient Zk{s)/Zk{s + 1) rather than Zk{s) 
itself which played a significant role in [^] and this quotient is unchanged here. It is 



known (|25|, p. 129) that 
(2.4) ReSs=iCfc(s) = |Afe|"2(i:^ and so ReSs=iZkis) 

Finally, we introduce the following notation 

'ti 0\ ^, ^ _ fl 0' 

t2, 



(2.5) a(ti,t2)= (q ^ , n{u,- . ^ 



3. A REVIEW OF THE ORBIT SPACE 

This section is devoted to defining the prehomogeneous vector spaces which are at 
the heart of this work and reviewing their fundamental properties. Arithmetic plays 
no role here, so in this section k may be any field of characteristic zero and k any 
quadratic extension of k. We denote the non-identity element of Gal(A;/fc) by a. 

A matrix x G M(2, 2)^ is called Hermitian if *x = x". The set of all Hermitian 
matrices in M(2, 2)^ forms a fc-vector space which we shall denote by W. The elements 
of W are also referred to as binary Hermitian forms. 

We define and discuss the two spaces we require in parallel as far as possible; they 
will be distinguished as cases (1) and (2). Let 



(3-1) y-^...^.a:2 



M(2,2)®Aff2 in case (1), 
W^AS^ in case (2), 

where Aff" is n-dimensional affine space regarded as a variety over k. Let 

fGL(2) X GL(2) X GL(2) in case (1), 
^ ■ '* ~ |gL(2)^ X GL(2) in case (2), 
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where GL(2)^ is regarded as an algebraic group over k by restriction of scalars. If 
g E G then we shall write g = {gi, g2, gs) in case (1) and g = {gi, (72) in case (2). It will 
be convenient to identify x = (xi, X2) G V with the 2x2- matrix Mx{v) = fiXi+f2a;2 of 
linear forms in the variables vi and V2, which we collect into the row vector v = (f 1, ^2)- 
With this identification, we define a rational action of G on V^ via 



(3-3) M,,{v) ,_,,_._,,, 



giM^{vg3)*g2 in case (1), 
^giM^{vg2)^g{ in case (2). 

In both cases we define F,j.{v) = — det Mx{v). Then 

.o4^ p . . ^ fdetgidetg2F^{vg3) in case (1), 

^'' '"^""^ \Ny^{detg^)F^{vg2) in case (2). 

We let P{x) be the discriminant of the binary quadratic form Fx{v). Then P[x) G 
k[V] and P{gx) = x{g)P{x) where 

f (det 5-1 det 5-2 det 5-3)2 ^^ ^^^^ ^^^^ 

^ • ^ ^^^^ " |(N^/,(det5i) det 53)' in case (2). 

A calculation shows that P{x) is not identically zero and so it is a relative invari- 
ant polynomial for {G, V) in each case. We let V^^ denote the complement of the 
hypersurface defined by P{x) = in V. 

We define f = ker(G' -^ GL(\/)); in case (1) 

(3.6) f = {(ti/2, t2/2, ^3/2) I h,t2, h e GL(1), t,t2h = 1} 
and in case (2) 

(3.7) f = {(ti/2,t2/2) I ti G GL(l)^,t2 G GL(1), N^/fc(ti)t2 = 1}. 

It will be convenient to introduce standard coordinates on G and V. Elements of G 
have the form g = {gi, 52, 53) or g = {gi, 52)- In either case we shall write 

(3.8) g^=(^''' ^''' 

\gi2i gi22 



for each i. Elements of V are vectors x = (a;i,a;2). We shall put 

(3.9) Xi -- 
in case (1) and 

(3.10) Xi 



Xill Xii2 
Xi21 Xi22 



■^^0 '^il 



in case (2). 

In the language of Galois descent, case (2) is a A;-form of case (1); they become 
isomorphic on extension of scalars from k to k. Indeed it is well known that, as 
A;-varieties, 

(3.11) G X A? ^ GL(2) X GL(2) X GL(2) 
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and 
(3.12) 
so that 
(3.13) 



W X A;^M(2,2) 



V X A; = M(2, 2) (g) Aff^ 



and a calculation shows that the induced action of G x A; on V" x A; is that of case (1). 
The Galois automorphism a induces a fc-automorphism of the /c-varieties G and V 
which we denote by i{a). If (91,92,93) G G^ then i{a){9i, 92, 93) = (92^91,93) and if 
X G W-j^ then i{a)x = ^x" , where a as a superscript denotes the entry-by-entry action of 

a. In particular, Gk is embedded in G^ = {G x k)^ via the map {91, 92) ^^ {91, 9i, 92)- 
We are now ready to recall the description of the space of non-singular orbits in 

Definition 3.14. Let Cpg be the set of isomorphism classes of extensions of k of 
degree at most two. 



It is proved in pGf, pp. 305-310 and [|l^, p. 324 that Gk\V^^ corresponds bijectively 
with ^i2- Moreover ii x &V then the corresponding field is generated by the roots 
of F^iy) = 0. We denote this field by k{x). 



Suppose that p{z) 



+ aiz + a2 G k[z] has distinct roots ai and 02. We collect 



these into a set a = {ai, 02} since the numbering is arbitrary. Define Wp G V^ by 



(3.15) 



Wr. 



1 

1 ai 



ai 



«! af 



02 



a computation shows that F^^^z, 1) = p{z) and so Wp G V^^ and k{wp) 
splitting field of p. Let 



k{a) is the 



(3.16) 



w 



I 





1 



(3.17) 

and then define 9p G Gk{wp) by 



hn 



1 -1 
— «! a2 



(3.18) 



9p 



{ha, ha, (02 -Oil) ^ha) 

{ha,{a2 -ai)~^ha) 



in case (1) or when k{wp) 
otherwise. 



With these definitions it is easy to check that Wp = 9pW. 

We close this section with a detailed description of the fc-rational points of the 
stabilizer G^ . Similar descriptions were derived in |T^ and [^] and, although we 
are using different orbital representatives here, the arguments are so similar that they 
will only be sketched. The method is as follows: We begin with a description of G^ 
as a A;- variety; this is given in section 3 of ||26| for case (1) and in section 2 of [|16] for 
case (2). Then we find, by direct calculation, the A;-rational points in 9pGwk(wp)9p^ 
and this gives us G^ k- 
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If we let 

/g ^Q^ ^ ^ f (a(tii,ti2),a(t2i,t22),a(t3i,t32)) in case (1), 

\(a(tii,ti2), 0(^21,^22)) in case (2), 

then 

{t I tij G k^ ,tijt2jtsj = 1 V i,j} in case (1), 

{t I tij e A?^ , t2j G k"" , N^/fc(tij)t2i = 1 V j} in case (2), 



(3.20) Gl, 



and so G^^ ^ GL(1)J in case (1) and G^^ ^ GL(1)| in case (2). Putting 

(3.21) r = (» J 

the class of {T,r,r) in case (1) or of (r, r) in case (2) generates G^fc/C^fc- 
Now let 

('3 221 , _ \{0'{tn,ti2),a{t2i,t22)) in case (2) when k{wp) ^k, 

\ (a(tii, ti2), a(t2i, ^22), a(t3i, ^32)) otherwise. 

We assume that k{wp)/k is quadratic, since if k{wp) = k then G^pk is conjugate to 
Gwk over k. Let z/ be the non-trivial element of GaA{k{wp) / k) , which may also be 
thought of as an element of Gal{k{wp) / k) when k{wp) 7^ k. Here k{wp) denotes the 
compositum of k and k{wp). 
Incase (1), G^^^ is 

(3.23) {gptgp^ I tij e k{wpY, Ui = t\^,tijt2jhj = i V i,j} 

and so G;^^ ^ GL(1)^(^^) x GL(1)^(^^). In case (2) when k{wp) = k, G^^,^ is 

(3.24) {gptg;^ \ Uj G ^^ , t^^ = t2i, ^n = ^22, ^1,^2,^3, = 1 V 2, j} 
and so G^^,^ = GL(1)^ x GL(1)^. In case (2) when k{wp) ^ k, G^^f^ is 

(3.25) {gptg;^ \ h, G k{wpY ,t2, G k{wpY ,t\^ = ti2, N^(^^)/,(^^)(ti,)t2, = 1 V j} 

and so G;;,^^ = GL(1)^(^^). In every instance, G^^fc/G^;,^^ is generated by ^p(r, r, r)^p^ 
or gpij, T)g^^ as the case may be. 

It will be convenient to have an explicit description of how G^^ k is embedded in 
Gfc in each case. To this end, define 

It is easy to check that any matrix which has both ( _Jj^ ) and ( „Jj2 ) ^s eigenvectors 
must equal Ap{c, d) for some c and d. Consequently, the set of all such matrices is 
closed under multiplication, any two such matrices commute and if such a matrix is 
invertible then its inverse lies in the same set. 

Lemma 3.27. In case (1), G^ ^ consists of elements of Gk of the form 

(3.28) (Ap(ci, rfi), Ap(c2, ^2), Ap(c3, 4)) 
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where Ci, di G k, det{Ap{ci, di)) ^ for i = 1,2 and (cs, ds) is related to (ci, di, C2, ^2) 
by the equation 

(3.29) Ap{c3, 4) = Ap(ci, diy^Ap{c2, d2)-^ . 

Moreover [Gwpk '■ G^ fc] = 2 and G^pk/G'^ ^ zs generated by the class of {Tp,Tp,Tp). 

Proof. Suppose first that k{wp) = k. Then G^ ;. = QpGl^f^g'^ and, by ( |3.20| ), the 
elements of G^^, may be characterized as those (f^i, g2, gs) G Gk such that ( J ) and ( _^i ) 
are both eigenvectors for each gi and gig2g3 = h- Since had) — ( ~ai ) ^^"^ ^o ( -1 ) = 
(^Ij,^), the first claim follows. If k{wp) ^ k then calculation gives haa{t,t^)h~^ = 
Ap{c, d) where t = c + dai G k{wp). With this observation, the first claim follows in 
this case from (|3.23|) . Finally, h^rh'^ = Tp and the second claim is established. D 

Lemma 3.30. In case (2), G^ f. consists of elements of Gk of the form 

(3.31) {Ap{ci,di),Ap{c2,d2)) 

where ci,di G k, C2,d2 G k, det{Ap{ci,di)) 7^ and (02,^2) is related to {ci,di) by 
the equation 

(3.32) Ap{c2, d2) = Ap(ci, diY^Ap^cl, d^)-^ . 

Moreover, [Gw^k ■ G^^^] = 2 and Guipk/G"^^^ is generated by the class of {Tp,Tp). 

Proof. If k{wp) = k then, by ( p.20| ), G^^, may be characterized as the set of {gi,g2) 
in Gfc such that (J) and {^i) are eigenvectors oi gi and gig'lg2 = h- Since G^ ^ = 

dp^wkdp^ and h'^ = ha, the claim follows. If k{wp) ^ k,k then h'^ = ha and a similar 
argument works on setting Ap{ci,di) = haa(tii,t'(^)h~^ in the notation of (p.25| ). 



This leaves the case where k{wp) = k. We use the notation of (|3.24| ). If we set gi = 
haa{tii,ti2)h~^ = Ap{ci,di) for some Ci,di G k then, using the equation h'^ = —haT, 
we have g^ = haa{t^2^t^^)h-^ and so 5-2 = Qi^gT" is ^aa((^ll^?2)~^ (^ii^ia)^^)^^^- 
Thus {gi,g2) £ G^ ^. Finally, we have Tp = haTh~^ and the last claim follows from 
this. " D 

4. An invariant measure on GL(2) 

Assume now that /c is a number field. In this section we choose an invariant measure 
on GL(2) in both the local and adelic situations. 

Let T C GL(2) be the set of diagonal matrices and A^ C GL(2) be the set of lower- 
triangular matrices whose diagonal entries are 1 . Then B = TN is a Borel subgroup of 
GL(2). Let T+ = {A = a(Ai, A2) | Ai, A2 G M+} and K = Uvem^v where K^ = 0(2) 
if V G mtR, K^ = U(2) ifveTlc and K^ = GL(2)0^ if w G Mi. The group GL(2)a 
has the Iwasawa decomposition GL(2)^ = KTji^Nj^ and so any element g G GL(2)^ 
can be expressed as g = K{g)t{g)n{u{g)) where n{g) G K, t{g) = a{ti{g),t2{g)) and 
u{g) G A. 

The measure du on A defined in section ^ induces an invariant measure on Np^. 
Since K is compact we can choose an invariant measure dn on it so that the total 
volume of K is 1. On T^ we put d^t = d^ti d^t2 for t = a{ti,t2), where d^tj is the 
measure on A^ defined in section ^. Then db = \tit2^\^^ d^tdu defines an invariant 
measure on i?A and dg = dndb defines an invariant measure on GL(2)^. 
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We make parallel definitions of invariant measures on GL(2)j^. , K^, B^^, N^^ and 
Tfc^, which we denote by dg^, dK^, db^, du^ and d^t^, respectively. As in section |^, we 
denote the product of local measures on G^ as follows 

(4.1) d^rg = Wdg^. 

Then (see section §) we have 

(4.2) t/M= |Afc|"^/2 JJrfw^, d''t = €'^^Yld''U and so dg = \Ak\'^/^Ci:^dp,g. 

V V 

Let GL(2)i = {g^ GL(2)^ | | det(^)| = 1}. If, for A G M+, we define c(A) = a(A, A) 
then any element of GL(2)^ may be written uniquely as g = c{\)g^ with g'^ G GL(2)^. 
We choose a Haar measure on GL(2)^ so that dg = 2d^\dg^. It is well-known that 
the volume of GL(2)^/GL(2)^ with respect to dg'^ is 

(4.3) 2Jfc = 1/ Res,=i(Zfc(s)/Zfc(s + 1)) = C^ '^^(2). 

As in section ^ we note that all these definitions apply equally well to the number 
field k and yield a measure on GL(2)^ and so on. Having chosen an invariant measure 
on GL(2) both locally and adelically, we also get local and adelic invariant measures 
on G by taking the relevant product measures in each case. 

5. The canonical measure on the stabilizer 
In this section we shall define a measure on G"^ for x G V^^^ which is canonical (in 



a sense made precise by Proposition |5.16| ) and compute the volume of GI^/TaGI,^ 



under this measure. We also make a canonical choice of measure on the stabilizer 
quotient Ga/G^j^ and define constants b^^^ which will play an essential role in what 
follows. 

Before we begin this task it will be convenient for bookkeeping purposes to attach 
to each orbit in V^^ where v G DJt, an index which records the arithmetic properties 
of V and of the extension of k^ corresponding to the orbit. The orbit corresponding 
to ky itself will have index (sp), (in) or (rm) according as v is in OJlsp, 9Jlin or 3Jlrm- 
The orbit corresponding to the unique unramified quadratic extension of /c„ will have 
index (sp ur), (in ur) and (rm ur) for v G 93Tsp, v G Tli^ and v G 9Jlrm respectively. An 
orbit corresponding to a ramified quadratic extension of k^ will have index (sp rm) if 
V G Wisp and (in rm) if t> G Tli^. If f G Tl^^a then the orbits corresponding to ramified 
quadratic extensions of ky are subdivided into three types; the one corresponding to 
k has index (rm rm)*, those corresponding to quadratic extensions k{x)/k such that 
k{x) 7^ k and k ■ k{x)/k is unramified have index (rm rm ur) and those corresponding 
to quadratic extensions k{x)/k such that k{x) ^ k and k ■ k{x)/k is ramified have 
index (rm rm rm). This last type can occur only if t; G DJl^y 

Let V E Tl and x G V^\ If f ^ DJlsp then v extends uniquely to a place of k which 
we also denote by v. In this case k^ = k^ ®k k. We denote by ky{x) the compositum 
of k^ and k^{x). 



(5.1) K 
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From section |^ we know that the group G°^j^ may be determined up to isomorphism 
solely from the index of the orbit of x. In fact, if we define 

(iKr (sp), 

{k^{x)^y (sp ur), (sp rm), 

(k^)"^ (in), (rm), (in ur), (rm rm)*, 

^ ky (x) ^ otherwise, 

for each of the various indices then G"^^ = H^kv in all cases. We may regard -ff^fc^ 
as the fc^-points of an algebraic group H^ defined over O^ and we shall do so below. 
As in section |], if ky{x)/ky is quadratic then we shall write z/ for the generator 

of Gal{kv{x)/kv). If kjj{x) ^ k^ then z/ may also be regarded as the generator of 
Gal{ky{x) / ky) . Also the type of x G V^^ will be the index attached to the orbit Gk^x. 
We wish to introduce parameterizations for the elements of the stabilizer in the 
various cases. If x is a point of type (sp), we write 

(5.2) Sx(t^) = (a(tii, ti2), a(t2i, t22), a((iiit2i)"\ (^12^22)"^)) , 

where t^: = (tn, . . . , ^22) ^ (^^)*^- Let ^2:1(^2;), Sx2(tx), s^sit^) be the three components 
of Sx{tx)- If X is a point of type (sp ur) or (sp rm), we write 

(5.3) Sx{tx) = {a{tu,tl,), a(t2i, t^i), a((tiit2i)"\ (tn^2i)"')) , 

where tx = (^11,^21) G {^{x)^)'^. We use the notation Sxi{tx) et cetera for this case 
also. If X is a point of type (in) or (rm) then we write 

(5.4) Sxitx) = (a(tn,ti2),a(N^^/,^(tri'),N^^/,^(tr2')) , 

where tx = (^11,^12) € {k^Y. We use the notation Sxi(tx) et cetera for this case also. 
If X is a point of type (in ur) or (rm rm)* then we write 

(5.5) Sxitx) = (a(tii, ti2), a(t^2, t^,), a((tnt?2)~\ (^11^12)"')) , 

where tx = (tu,ti2) G {k^y. We use the notation Sxi{tx) et cetera for this case also. 
Finally if x is a point of type (in rm), (rm ur), (rm rm ur) or (rm rm rm) then we 
write 

(5.6) Sxitx) = (a(tii,tn),«(N^.(.)/fc4.)(in ),N^4.)/.4.)(in )'^)) , 

where tx = tn G ky{x)^ . We use the notation Sxiitx) et cetera for this case also. On 
H^u we define an invariant measure dt^„ as follows: 



(5.7) dt 



x,v 



d^tuvd^tuv d^t2lvd^t22v (sp); 

d^tiiyd^t2iy (sp ur), (sp rm), 

d^tiiyd^ti2v (in), (rm), (in ur), (rm rm)*, 

^d^tiiy otherwise. 

We note that if f G 3Jtf then the volume of Hxo^ under this measure is 1 in every 
case. 

Suppose that x G V^T corresponds to a quadratic extension of k^. Then it is possible 
to choose an element Qx G Gk{x) such that x = QxW. Consider the following condition 
on such an element. 
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Condition 5.8. g~^g^ = (-r, -t,t) or (-r, r). 

It is possible to find gx satisfying tliis condition for any x. Indeed, x = gxwpWp for 
some gxwp e Gk, and some choice of p. Then x = gxw^gpW and g^ = gxw^gp e Gk^^x) 
satisfies the condition. 



Proposition 5.9. If gx satisfies Condition \5. Sj then 

(5.10) g:,^ = gx{sx{tx) I tx e Hxkjg-' . 

Proof. We have ky{x) = k^iwp) for some p. Since gx and gp both satisfy Condition 
lU, gxgp^ e Gk, and if we put h = gxg~^ then hwp = x and so G^^^ = hGl^f^^h-^. 
From section |^, 

(5.11) G:,fc„ = gp{sxitx) I tx G Hxkjg;' 

and the conclusion follows. D 

If X = gxW with gx € Gk^ then we need not impose any condition on gx- 

Suppose now that gx G Gk^{x), x = gxW and gx satisfies Condition ^]8| if k^{x) ^ ky. 
Then we can define an isomorphism 9g^ '■ G^/^^ —>■ Hxk^ by setting 9g^{gxSx{tx)g~^) = 
tx- If gxi and gx2 are two such elements then let h = gx2gxi- Using the condition, we 
see that h G Gxk^- Also 

^g.M = Sx\gxi9gxi) 

(5.12) =Sx\g-2'hgh-'gx2) 

= eUhgh-') 

and so 9g^-^ and Og^^ differ by the automorphism g i— > hgh~^ of G"^^. Since G"^^ is 
abelian and Gxk^/G^.^,^ has order two, the automorphism g i— >• hgh~^ depends only 
on the class of h in Gxk^lG°^^^ and either is the identity (if /i G G";.^) or squares to 
the identity (if /i ^ G°^^). In either case, this automorphism is measure preserving 
and hence we may make the following definition without ambiguity. 

Definition 5.13. Let dg'^^ = 0* [dtx^v] for any choice oi gx G Gk^{x) such that gxW = 
X and gx satisfies Condition ^^ if ky{x) ^ ky. 



This establishes a choice of invariant measure on GZu for each x G V^^. 
We have 

' {(ti/2, t2/2, (tit2)"'/2)} in case (1) 



^^■^^^ ^'" \{{tj2.^~,^/kSti)-'h)} in case (2), 

and so T^^ = {kJ^Y in case (1) and T^^ = fc^ in case (2). We use the measure 

~ _ \d'^tiyd^t2y in case (1), 

I (i^tij, in case (2), 

on this group. We let d^xy be the measure on G°j.^^lTk^ such that dg'^y = dg^yd^ty. 
It is to achieve the following result that we have taken such pains with the definition 
of the measures. 
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Proposition 5.16. Suppose that x,y ^ V^^ and that y = g^yX for some g^y G Gk^. 
Let ig^^ -Glf,^^ Glk, he the isomorphism ig^^{g) = g'^ggxy Then 

(5-17) dg^^ = i*g^^{dg'^ and dg^^ = i*g^^{d:g'^^y) • 

Proof. Let g^ be chosen as above and put gy = g^yg^. Then gy e Gk,(^y) = G^^x), 
gyW = y and if K{y) ^ k then gy^gy = Qx^Qx^ so that gy satisfies Condition ^^ in 
this case. It follows that 

iljdgl,) = ilJlSdtx,.) 

,^ ^g. = {^gJo^yTidtx^v) 

= ^*gyid'ty,v) 

= dg'y^^ 

because Hxk^ = Hyk^ and dtx^v = dty^y. This establishes the first claim and the second 
then follows from the observation that ig^y\f is the identity map. D 

We choose a left invariant measure dg'^^ on Gk^/G^^^ so that if $ G SiVk^) then 
(5.19) / |P((?:.,,x)|:$(^;,a;X„= / \Piy)\l-'^y)dy , 

where dy is the Haar measure such that the volume of Vo^ is one if f G 97tf, Lebesgue 
measure if f G Tl^ and 2^ times Lebesgue measure if f G DJlc- This is possible 
because \P{y)\~'^ dy is a G^^-invariant measure on V^^^^ and each of the orbits Gk^x is 
an open set in V^^. Note that 



Jg, 



\x{9x,v)\l^{9x,vX)dgx,v 
(5.20) '^kJG°^,^ 

= \Pix)\-' I \P{g'x,.x)YM9'x,.x)dg',^, 

and so, from ( p. 191 ), this integral converges absolutely at least when Re(s) > 2. If 
Qxy e Gk, satisfies y = gxyX and ig^^ is the inner automorphism g ^^ gxy99xy of Gfe„ 
then V,(G°fcJ = G"^^ and so ig^^ induces a map ^^ : GkJGl^^ -^ GkJGl^^. Since 
the integral on the right hand side of ( |5.19| ) depends only on the orbit of x, it follows 



that i*g^^{dg'^J = dg^^. 

Definition 5.21. For v & dJt and x G V^^ we let bx^v > be the constant verifying 
dgv = i>x,v dg'^ ^ dg"^, where dgy is the measure on G^^ chosen at the end of section ^. 

Definition 5.22. For $ G S{VkJ and s G C we define 

ZxA^, s) = bx,. / \xi9x,v)\lH9x,vX)dgx,y 

= bx,.\P{x)\-^ f \P{y)\:-'Hy)dy . 
Proposition 5.23. If x,y G V^^*^ and Gk^x = Gk^y then bx^v = by^y. 
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Proof. Since the group Gk^ is unimodular i*^ dg^ = dg^. So 
agy = Oy^yagy,^agy,^ 

= Oy^yO^,^agy . 
Therefore b^^v = by^^. D 

Let dpj^g'^ = Yl^dg'^^, dpvlJx = Yiv'^xv ^"^^ d^v^ = Yiv^^'^v-, where d'^t^ is defined in 



Proposition 5.24. Suppose x G V;!*'' and k{x) ^ k,k. Then, with respect to the 
measure dpj-g'^, the volume of Gl.jTpJJ°^j. is 2C^^(^.^/C^^. 

Proof. Identifying T with GL(1)^ and G° with GL(1)^- .^ we define T^ (resp. G'°a) 



to be the set of ideles of k (resp. k{x)) with absolute value one. Let d^^t and d^^g: 
be the measures on Tj; and G°J-^, such that dp-^g'^ = d^Xdpj-g"^, d'^^t = d^Xd^^t^ for 

9x = h{x)9x , t = Xj^t . 



Note that if A G IR+ then the absolute value of A^ as an idele of k{x) is A^. Therefore, 



d'pr9x = 2rf^A(ipr5'^'^ for 9x = ^19 x^- Since dp^g'^ = d^^tdp^g" this implies that 2dpj.g" 
dpj^dprg'^. So 



,//i 



Since 



2 / dprg"^ = ^ dp,g" ^ d^^t^ 

= ^o\{Gl\/fiGl,) [ d;J'. 
JTi/n 



dpvg'x^ = ^k{x) and / ^ rf^,? = (t~^ 



'GfJGl, JTi/n 

this proves the proposition. D 

6. A PRELIMINARY MEAN VALUE THEOREM AND 
THE FORMULATION OF ITS PROOF 

In this section we introduce the global zeta function of the prehomogeneous vector 
space (G, V) and recall from |^ its most basic analytic properties. The zeta function 
is approximately the Dirichlet generating series for the sequence vo1(G°^/TaG'°;j). If 
it were exactly this generating series then our work would be almost complete, since 
Tauberian theory would allow us to extract the mean value of the coefficients from 
the analytic behavior of the series. Unfortunately, the actual zeta function contains 
an additional factor in each term and we proceed to explain the filtering process by 
which this difficulty may be surmounted. This leads us, on the basis of a number of 
assumptions, to a preliminary form of the mean value theorem that is our goal. The 
validity of these assumptions is demonstrated in later sections. The final form of the 
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theorem, which differs from the prehminary form mostly in being more exphcit, is 
given in the next section. 

Let Ga = GiA X G2A, let dgi and dg2 be the measures on Gia and G2A which were 
defined in section ^ and put dg = dgi dg2 for g = {gi,g2)', this is a Haar measure on 
Ga- Write G = G/T, so that \^ is a faithful representation of G. Since T = GL(1)^ 
as groups over k, the first Galois cohomology group of T is trivial and it follows that 
Gf = Gf/Tf for any field F^k. Thus Ga = Ga/Ta and Ga/G^ = GA/TAGk- 
Let (ipj.t be the measure on T^ defined immediately before Proposition p.'24\ . Then 
d^t = C~ ^dpj,t is the measure on Ta compatible under the isomorphism Ta = A^ with 

the measure defined on A^ in section ^. We choose the measure dg on Ga which 
satisfies dg = dgd^t. Similarly, we choose the measure dg^, on Gk^ which satisfies 
dg^ = dg^d^ty. Let d^j-g = Ylv^v- Using ( ^.2| ) we obtain 

(6.1) dg=\AkA~J-'/'€f(t~'d^,g. 

Definition 6.2. Let Lq = {x e V^"" \ k{x) ^ k,k}. For $ G S{Va) and s G C we 
define 

Z{^,s)= f \x{gW J2 '^(9x)dg . 

The integral 2'($, s) is called the global zeta function of (G, V). It was proved in 
p7[] that the integral converges (absolutely and uniformly on compacta) if Re(s) is 



sufficiently large. However, a slightly different formulation was used in [^] and it is 



necessary to say a few words about the translation from that paper to this. 



The definition of the zeta function used in [^] is stated in Definition (2.10) of that 
paper. For our purposes we shall always take the character uj appearing there to be 
the trivial character. The domain of integration used in [27| is R+ x G^/Gk, where 



^A — ^lA ^ ^2A is the set of elements of Ga both of whose entries have determinant 
of idele norm 1. We have (IR+ x G^)/Tl = Ga via the map which sends the class of 
(A, (7°) to the class of (1, c(A))(7°. In |^, M+ x G° is made to act on Va by requiring 
that (A, 1) acts by multiplication by A and the above isomorphism is compatible with 
this. _ 

We must compare the measure dg on Ga with the measure d^ A dg^ which was used 
in 11^. We have Ga = (M^ x G^)/(M+ x f|) where M+ x f| is included in M^ x G^ via 

(Xj) ^ (A,A-^t) and M^ X G^ maps onto Ga via (Ai,A2,^°) ^ (c(Ai), c(A2))^° ■ Ta. 
In this quotient we have chosen the measure dg to be compatible with the measures 
4:d''Xid''X2dg° on M^ x G^ and d'^XdH^ on M+ x T], where the volume of fl/fk 
under d^t^ is 1 (as in section ^). From this it follows that the measures Ad^Xdg^ and 
d^t^ are compatible with the measure d^ in the quotient (M+ x Gl)/Tl = Ga- 

Furthermore, |x(l) c(A))| = A^ and so if Z*($, s) denotes the zeta function studied 
in ^ then we have Z{^,s) = 4Z*($,4s). In ^, Corollary 8.16 it is shown that 
Z*($, s) has a meromorphic continuation to the region Re(s) > 6 with a simple pole 
at s = 8 with residue QJfc2J^$(0). Thus we arrive at 

Theorem 6.3. The zeta function Z{^, s) has a meromorphic continuation to the 
region Re(s) > 3/2 with a simple pole at s = 2 with residue 5Jfc5J^$(0). 
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Note that $(0) is the Fourier transform of $ evaluated at the origin and so is simply 
the integral of $ over the Va. We define S($) = $(0) for $ G S{Va). For v eTl and 
$t, G iS(Vfc^) we can define the local version of the distribution S($) by 



(6.4) £,($„) = / <!>,{y)dy. 

Since the coordinate system of V consists of four coordinates in k and two coordinates 
in /c, if $ = ®,u^y then 

(6.5) S($) = I Afc|-^| A^|-i W S,(<l>,). 

This completes our review of the analytic properties of the global zeta function. 
Before we can rewrite 2'($, s) in a form which makes this analytic information bear 
on the problem at hand we must return briefly to the local situation. 

Let V G OJlf. If F/ky is a quadratic extension then F is generated over k^ by either 
of the roots of some irreducible polynomial p{z) = z^ + aiz + 02 G ky[z]. In fact, this 
polynomial may always be chosen to satisfy the more stringent condition that Op is 
generated over O^ by either of the roots of p{z). If this condition is satisfied then the 
discriminant oi p{z) generates the ideal Ap/ky- We wish to recall how this may be 
achieved in each case. 

Recall that p{z) G kv[z] is called an Eisenstein polynomial if Oi G p^, and 02 G pt;\p^. 
If F/ky is a ramified extension then there is always an Eisenstein polynomial whose 
roots generate F over k^ and any such polynomial will satisfy the stronger condition 
stated above. For each v G 9Jlf, k^ has a unique unramified quadratic extension. If F 
is this extension and v ^ OJldy then we may satisfy the stronger condition simply by 
taking p{z) with ai = and —02 any non-square unit mk^. If f G OJldy then we must 
instead take p{z) to be an Artin-Schreier polynomial, which means, by definition, that 
p{z) is irreducible in ky[z], Oi = —1 and 02 is a unit. Note that p stays irreducible 
modulo p^ in this case by Hensel's lemma. 

For each v G 9Jlf we choose a list of representatives w^^i, ■ ■ ■ , w^^n^, one for each of 
the Gfc^-orbits in V^^^^, in such a way that P{wv,i) generates the ideal Ak(wy^i)/ky for 
i = 1, . . . , N^. This is possible, in light of the previous paragraph, if we take each w^^i 
to equal Wp for a suitable p{z) G kv[z]. In the special case where k{wv,i) = k^ we take 
u!v,i = Wp for p{z) = z^ — z. For v G 9Jloo we require instead that \P{wv^i)\v = 1 for 
i = 1, . . . ,Ny, which is clearly possible. In both cases we assume for convenience that 
w^^i represents the orbit corresponding to k^ itself. This done, if F/k is a quadratic 
extension then let u;^ j^(i?) represent the orbit corresponding to F^/ky (with iv{F) = 1 
if V splits in F). Then we have 

(6.6) n^F/k)-' = n K(A^/fc,,)-i = n \pi^vMF))\v = n i^(^-,^.(^))i- 

iieOTf vevoif vem 

For X E Lq and $ = ®$t, G ^(Va) we define the orbital zeta function of x to be 
Za;{^, s) = Ylvem^x^-vi^v, s). If X lies in the orbit of Wv,i in V^^ then we shall write 
Sa.,^(<l>^,s) = Z^^^,^(<l>^,s) and S3,($,s) = n^gg^S^,^($„, s). We call S^,^($^,s) the 
standard local zeta function and H^($j,, s) the standard orbital zeta function. 
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Proposition 6.7. For x E Lq and $ = ®$t, G 5(Va) we have 

Z^{<l>, s) = X(Afe(^)/fe)-"S^.(<l>, s) . 
Proof. For each t> G 971 let iv{x) be such that x G Gk^Wy^i^(^x)- Then, from ( |5.22| ), 

(6.8) 
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ir / |p(2/)ir^$.(2/)rfi/ 



\Pix)\i I^K,«„w)IUg,„«,„,,m 

\P(x)\^ "''"*"'''' 



P(?/)|r^<l>,(y)d2/ 



\Pix) 



^X,V\^VJ "5 J 



where we have used Proposition |5.23| in passing from the first hne to the second. 
Applying (|6]|) to F = k{x) we find that Ht-ean l-P(^'',i«w)lS = ^{^k{x)/k)~''- Since 
X G V^^, P{x) G A;^ and so the Artin product formula implies that H^got l-P(^)k = 1- 
Now taking the product over all f G 971 on both sides of ( |6.8| ) proves the identity. D 



For convenience, we introduce the abbreviation 



(6.9) 



1 , . , 1 



Jl, = \Ak\--^\Ar\"(t7'lt~\ 



Proposition 6.10. If ^ = ®$,, G S{Va) then we have 

Z{<^,s) = %, Yl ^(Afc(x)/fc)"'^fc(.)2.($,s). 

x£Gk\Lo 

Proof. From Definition 6^ we have 

= \ Y. / ~ „ \x{W^(g^)<^ since [G,., : G°,] = 2 
= l^i^fc E / ^ „ |x(50r*Wc^pr5^ by (13) 



dprlj" by Definition p. 21 



a:eGfe\Lo ^ 



l%€~, Y {llZxA^v,s))-vo\iGljfj,Gl,) by Definition im 



x£Gk\Lo V 
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= Jii J2 M^''^)%x) by Proposition ^M 

x£Gk\Lo 



= 0^1 2^ J^{Akix)/k)~"^l^,)^xi^,s) by Proposition i;?. 

xeGt:\Lo 

D 
We are now ready to describe the filtering process. This process was originally used 



in P and is described in a general setting in ||2^, §0.5. Our discussion will follow 
this latter reference, but with simplifications arising from the fact that we know the 
residue of the global zeta function explicitly (by Theorem |6.3| ). 

We set ^o = Tloo U 9Jlrm U Tldj and fix a finite set S' ^ 5*0 of places of k. For each 
finite subset T D S* of 971 we consider T-tuples ljt = {uj^)yi=.T where each cUj, is one 
of the standard orbital representatives, w^^j, for the orbits in V^^*^ chosen above. If 
X G V^^ and x G Gk^uj^ then we write x ^ uj^ and if x ~ u;^ for all f G T then we 
write X ^ ojt- 

For later purposes, it is convenient to make the following definition. 

Definition 6.11. For any v G 9Jlf, $^,^0 is the characteristic function of Vq^- 

Let S^,t,(s) = Sa;,„($^,o,-5) and E:^,r(s) = YI^i^t'^^As)- ^"^ovsi the integral defin- 
ing S^.^„(s) it follows that for v ^ Sq this function may be expressed as E^^yi^s) = 
X]^-oo ^x,v,n(lv^^ for certain numerical coefficients ax^v,n- In section | we shall estab- 
lish the following condition. 

Condition 6.12. For all v ^ Sq and all x G V^f we have ax,v,n = for n < 0, 

O'x,v,o = 1 and ax^v,n > for all n. 

Suppose that we have Dirichlet series Lj(s) = Ylm=i ^i,m'm~'^ for i = 1, 2. If ii^m < 
f2,m for all m > 1 then we shall write Li{s) ^ 1/2 (s). In section ^ we shall establish 
that for every v ^ Sq there exists a Dirichlet series L^{s) = Yl'^=o^v,n<iv'^'^ which 
satisfies the following condition. 

Condition 6.13. (1) For all t; ^ 5*0 and x G V^l, S^,^,(s) ^ L^(s). 

(2) The series defining L^{s) converges to a holomorphic function in the region 
Re(s) > 1 and the product W^dSo-^^^^) converges absolutely and locally uni- 
formly in the region Re(s) > 3/2. 

(3) For all v ^ Sq, 1^^ = 1 and iv,n > for all n. 

For any T D S* we define Lt{s) = Ylvi^r^^i^)- Both E^^ris) and Lt{s) are Dirichlet 
series and if we let 

oo oo 

(6.14) S^,t(s) = 5]] <r,m"^"' and Lt(s) = ^ £^„,m-" 

m=l m=l 

then alj.^^ (resp. i^^^) is the sum of the terms YI^^t"'^,^,"-^ (^^^p. YI^^t^^^^-v) over 
all possible factorizations m = YlviT^v''- Since only finitely-many places, v, of k can 
have Qv equal to a power of a particular prime, the number of such factorizations is 
finite. Also, in any such factorization, n^ = for all but finitely-many v, and so this 
sum is well-defined. It follows from Conditions |6.12| and |6.13| that < a^rp,^ < i^^ 
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and a* -J. ^ = 1 for all x G V^^, all T D S* and all m > 1. We shall use these observations 



in the proof of Theorem |6.22| below. 
We define 

(6.15) i^,{s)= E >^(A,(.)/,)-^C:^(.)S.,t(s) 

x<^Gk\L(i,x^u)T 

and 

(6.16) UAs)= Y. n^m/kY'^n^^^-^xAs). 

x&Gk\Lo,xaiujs 

which is the sum of iujj,{s) over all ujt = {uJv)v(^t which extend the fixed S-tuple ujs- 
In order to determine the analytic properties of these Dirichlet series we require the 
following result. 

Lemma 6.17. Let v G 971, x G V^^*^ and r G C. Then there exists $.„ G SiVk^) such 
that the support of ^^ is contained in Gk^x, Zx^v{^v,s) is an entire function and 
^x,.($.,r)^0. 

Proof. The set Gk^x is open and y ^— *> \P{y)\l~'^ is a continuous function on it. We 
may therefore find an open set U containing x, having compact closure U C Gk^x 
and such that 

(6.18) \\piy)\:r' - \pix)\:-'\ < i\Pix)\:~' 

for y & U. We can then choose $„ G SiVk^) in such a way that supp($t,) C JJ and 
J^^v{y) dy = 1. Now (|6.18| ) implies that \P{y)\y doesn't vanish on U and hence it 



is bounded both above and below by positive constants on this compactum. Thus 
Zx,v{^v, s) is entire. The inequality ( |6.18D also implies that 

|Z,,,($,,r) -6,,„|P(x)|;2| < i6,,,|P(x)|;2 

and hence Zx,v{^v,r) 7^ 0. D 

Proposition 6.19. Let T ^ S be a finite set of places of k and ujt be a T -tuple, 
as above. The Dirichlet series ^ujj,{s) has a meromorphic continuation to the region 
Re(s) > 3/2. Its only possible singularity in this region is a simple pole at s = 2 with 
residue 

veT 
where 

% = Ress=i Ck{s) ■ Ress=i Ci{s) ■ Zk{2)Z~^{2)/\Ak\ . 

Proof. For each t> G T we choose $t, G SiVk^) such that supp($t,) C Gk^u^. Let 
^ = 'S'veT ^v ® <S)v<^T ^v,o e S{Va). For f G T we have S^,^($^, s) = unless x ^ uj^ 
and hence 

z($,s) = :Jii( J]s^„,,(<i>,,s)) Yl HAkix)/k)-'(^i^x)^xAs) 

veT x&Gk\Lo,xriiujT 

= 3^i(J]S^„,„($,,s))e.,(s) 



22 ANTHONY C. KABLE AND AKIHIKO YUKIE 



by Proposition |6.10| . Using Lemma |6.17| and Theorem |6.3| , this formula imphes the 
first statement. 

Now choose $», for f G T so that S^„^t,($t,, 2) 7^ 0. It follows directly from the 
definition that S^^^„($^, 2) = 6^^^„|P(u;^)|~^Sj,($i,) for all f G T and so the residue of 
Cujt{s) at s = 2 is 



^r'( n Ki\pM\i) ( n ^^i'^^)y' ^^^^=2 z{<i>, .) 



We have S^($^^o) = 1 for v ^ T and hence 

Res,=2 Z{^, s) = ^fc23^|A,|-2|A^|-i J] S,(<l>„) . 

Combining the last two equations shows that the residue of ^(^j,(s) at s = 2 is 

and using the definition of "Jii and the values of 23^ and 53^ (see the end of section H) 
gives the second claim. D 

Corollary 6.20. The Dirichlet series C,ujs,t{s) has a meromorphic continuation to 
the region Re(s) > 3/2. Its only possible singularity in this region is a simple pole at 
s = 2 with residue 

^2(nd^K)i')- n E(d^(^)i') 

v&S v&T\S X 

where the sum is over the complete set, {x}, of standard orbit representatives for 

Proof. We have ^uis,t{s) = J2ujt ^^^ri^) where the sum is over all T-tuples lut which 
extend the S-tuple ujs- The claim follows immediately. D 

We let Ey = '^^b^l\P{x)\l for v ^ Sq where the sum is over all standard repre- 
sentatives, X, for orbits in Gky\V^^. In section ^ we shall prove that the following 
condition holds. 

Condition 6.21. The product Yivis ^^ converges to a positive number. 



We are now ready to state and prove, subject to Conditions |6.12| , |6.13| and |6.21 
the theorem which is the goal of this section. 

Theorem 6.22. Let S ^ Sq be a finite set of places of k and us be an S-tuple of 
standard orbital representatives. Then 

x<^Gk\Lo,xaiuJs y&S v^S 



MEAN VALUE THEOREM 23 

Proof. In the following, sums over x will be understood to include the conditions 
X G Gk\Lo and a; ~ tus as well as any further conditions which may be explicitly 
imposed. We have ^us,t{s) = J2m=i (^mfn~^ where 

a;,n,?vr(Aj.(^)/fe)n=m 



Applying the Tauberian theorem (|2^, p. 464, Theorem I) to ^u)s,t{s) we obtain, in 
light of Corollary |6.2(]|, 






We shall denote the right-hand side of this equation by iL-r- Note that £ = limj^^OT'^T 
is the right-hand side of the equation in the statement. Since a* j.„ > for all n and 
a* -p ]^ = 1 we obtain 

for all T and so lim x~*ooX~''^ YIma )<x^k(x) — ^- ^^ follows that there is a 
constant C such that ^j^(a, )<x ^k(x) — CX^ for all X > (note that if X < 1 
then the sum is 0). Furthermore, 

/ , ^k{x) ^ 2-^ ^k{x)^x,T,n ~ 2-^ ^k{x)^x,T,n 

H^ki.)/k)<X ?^(Afe(,)/fe)n<X N(Afe(,)/fc)n<X,n>2 

- Z^ ^k{x)^*x,T,n ~ 2-^ ^k(x)^T,n 

J^(Afc(,)/fc)n<X ?^{Afc(,)/fc)n<X,n>2 

oo 

^ Z-^ ^k{x)^x,T,n~ 2_^"T,n /_^ ^k{x) 

?^(Afc{,)/fc)n<X n=2 3^(Afe(,)/ft)<X/n 

oo 

?^(Afe(,)/fc)n<X n=2 

= E ^^(.)<,T,n - CX\M2) - 1) . 

?^(Afc(,)/fc)n<X 

It follows that, for all T D 5, 

limx^ooX-2 J] c:^(^.) > £r - C{Lt{2) - 1) 

3>^(Afe(,)/fe)<X 

and letting T -^ 9Jl we obtain 

limx^oo^"' E ^fcW - '^ 

since lim7-^grnL7^(2) = 1. The theorem follows. D 
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The remainder of this paper and its companion |17| are devoted to verifying the 



conditions enunciated in this section and to evaluating the constants which appear 



in Theorem 6.22. In the next section we make use of the results of this work to state 



the theorem in a more explicit form. 

7. The Mean Value Theorem 

In this section we shall derive a more explicit and convenient mean value theorem 
from Theorem |6.22| . Throughout, k will be a number field and k a fixed quadratic 



extension of k. If Fi and F2 are distinct quadratic extensions of k, neither equal to 
k, then we shall call Fi and F2 paired (with respect to k) if -F2 C Fi • k. Since this 
condition uniquely determines F2 from Fi, we may write F2 = F^ if F2 and Fi are 
paired. Our first result will be used below to express €.y^. in terms of Ck(x) and Ck(x)* 
for X G Lq. 

Proposition 7.1. Suppose that L/k is a biquadratic extension of number fields and 
that ki, k2 and k^ are the quadratic extensions of k contained in L. Then (ti = 

k fci ^2 ^^3 ■ 

Proof. This identity is perhaps the simplest instance of what is known as a Brauer 
relation (see |]I[, p. 162, for instance). For the reader's convenience we sketch the 
proof from the theory of the Dedekind zeta function. Using Theorem 1.1, Chapter 
XII of |TH], p. 230 we have the factorization 

Cl(s) = Ckis)L{s, Xi)L{s, X2)L{s, xs) , 

where Xj is the idele class character of k corresponding by class field theory to kj. 
Multiplying both sides of this identity by Cfc(s)^ we obtain 

(7.2) aisKkisf = CkMCkMCkM ■ 

Since ReSs=i Cf(s) = (tp/l^Fl^^"^, it follows that 
Recall that we have a functional equation 

/• n r,\ ('0-2r-2(F)^-fi^:Q]| A hs-1/2 r(s/2)'"l r{sY^ 

CHI - ^) = (2 ^^n^ ^1|A^|) r((i-.)/2)-.(^)r(i-.)-^(^) ^^^^^ ' 

where ri{F) denotes the number of real places of F and r2{F) the number of complex 
places of F. It is easy to check that [L : Q] + 2[k : Q] = Ej=i[^i : Q] and ri{L) + 
2ri{k) = Ylj=i ^i(^j) fo^ i = 1,2. Comparing the factors in the functional equation on 
both sides of ( |7.2| ) now shows that |AlA^| = |Afci A^jA^gl and the identity follows. D 

For notational compactness we shall set Sy^x) = b~l\P{x)\l for all t> G 9Jl and 
X G V^^*^. These constants are related to the quantities calculated in later sections by 
the following result. 

Lemma 7.3. Let v G Tlf and x G V^^. Then 

ey{x) = Yol{K,, n GlkjYol{K^x) 

where the first volume is evaluated with respect to the canonical measure dg'^^ on G°^, 
and the second with respect to the measure on \4„ under which Vq^ has volume 1. 
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Index 


e^{x) 


(sp) 


|(l + g.-^)(l-g.-^)^ 


(in) 


i(i-9.-^)(i -?.-') 


(rm) 


la-q^r 


(sp ur) 


Kl - '^."^(l - ?.-^) 


(sp rm) 


k"^(i-?.-^)(i-?."T 


(in ur) 


Ki-^."')(i-^."') 


(in rm) 


h^Hi - Q^')ii - q^')ii - q^') 


(rm ur) 


i(i-9.-T(i-?.-^) 


(rm rm)* 


R^(i-?;^)' 


(rm rm ur) 


R^(i-g.-^)'(i-?.-^) 



Table 1. e^{x) for f finite and non-dyadic 



Proof. We have 



dgv 









dg'x V by Definition ^.21 



J KyX 



by ( |5.19|) with s = and $ the characteristic function of K^x. But \P{y)\y 
for all y G -ft't.x and so 1 = 6^._t)Vol(-ft't, fl Gl^J\P{x)\~'^vol{Kyx). 



\P{x)\v 

D 



Using this formula for £:„(x) and the results of sections |T0] and |TT| we may determine 
the values of ey{x) for all v ^ OJtdy U 3Jtoo and all standard orbital representatives 
X e V^^. We record the results in Table |I] below. 

The first column displays the index of the orbit and the second, ey{x), where x 
is the standard representative for the orbit. The values of vo^i^t; H G";^, ) which we 
use here are contained in Propositions |10.2| , |10.3| , |10.5| and |10.6| and the values of 
vol(ii'^x) in Propositions [TrT3| , [TLl^ and [TT:25| . 

The infinite and dyadic places of k both require special treatment. We shall begin 
with the infinite places as the easier of the two. We extend a classical notation (ri 
for the number of real places and r2 for the number of complex places) by letting rn 
be the number of real places of k which split in k and ri2 the number of real places 
of k which ramify in k. 
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Proposition 7.4. For any S-tuple ujs we have 



Y[ SvM = 2 



2r2-rii^3rii+2T-i2+3r2 



vemoo 
In particular, the product does not depend on ujs- 



Proof. For the standard orbital representatives, x, at the infinite places we have re- 
quired that |P(x)|^ = 1 and so e^^x) = b~l. If t> is a real place of k which splits 

in k then V^^^ is the union of two orbits with indices (sp) and (sp rm) respectively. 
From Propositions |12.1| and |12.5| we see that e^iuj^) = ^n^ for both these orbits. In 



the product, the total contribution from these places is thus 2^''"7r^''". If f is a real 
place of k which ramifies in k then V^^ is the union of two orbits with indices (rm) 
and (rm rm)* respectively. From Propositions |12.3| and |12.6| we see that 6^(00^) = vr^ 



for both these orbits. In the product, the total contribution from these places is thus 
7^2ri2_ Finally, if w is a complex place of k then V^^*^ consists of a single orbit with index 
(sp) and, from Proposition |12.1| , e^{u!y) = 4n^ for this orbit. The total contribution to 
the product from the complex places of k is thus 2'^^^'n'^^^ and the formula follows. D 

When V G OJtdy we shall not calculate the constants £t,(x) individually in all cases. 
Rather we shall sometimes calculate the sum of the ey{x) over a set of orbits with 
similar arithmetical properties. This is because if f G OJldy, it is difficult to find the 
number of ramified quadratic extensions. This leads to a final version of Theorem |6.22 



which contains no unevaluated constants, but which employs an equivalence relation, 
denoted by x, coarser than the relation ^. Our next task is to define this relation. 

Recall that, for x,y E V^^, we write a; ~ y if and only if ky{x) = ky{y) (we have 
previously used this notation only when y was a standard orbital representative, but 
the extension is convenient here). If v ^ QJldy or if f G Tidy but ky{x)/ky is unramified 
(including the case k.u{x) = ky) then x ^ y will have the same meaning as x ~ j/. 
Suppose now that v G VJldy and that ky{x)/ky is ramified. If the type of x is (sp rm) 
or (in rm) then we shall write x x y if and only if Afc^(a.)/fc^ = Afc^(y)/fc^. If the type 
of X is (rm rm)* or (rm rm ur) then we write x x y if and only if y has the same 
type as x. Finally, if x has type (rm rm rm) then we write x x ?/ if and only if 
Afc„(x)/fc, = ^K(y)/K and ^i^^^^yi^ = Afc,(j,)/fc„- This defines an equivalence relation 
on V^^ for all places v of k. If uJs is an S^-tuple of standard orbital representatives 
and X G -Lq then we write x x cj^ to mean that x x cu^, for all v E S. 

The grouping of dyadic orbits is differently expressed in |l7| and we must explain the 



connection between the two formulations. For any v G OJldy we shall put 20y = p^". 
If X G V^^ then let Ak,(x)/k^ = pv°'' and, ii v ^ Tt^p, also let A^^^^^ = p^" and 

^kv(x)/ky ~ Pv''" ■ It is well-known that if ky{x)/ky is ramified and v is dyadic then 
Sxv takes one of the values 2,4, .. . ,2m„,2m„ + 1. In p!7Il we introduce a natural 



number lev(/ci, ^2), the level of ki and k2, which is defined whenever ki and k2 are 
ramified quadratic extensions of a local field. Let us write A^.^^ = \ev{ky{x), ky) when 
V G 3Jlrm n Tidy and ky{x)/ky is ramified. If Sx,v 7^ ^v then 

(7.5) A,,„ = min{ [|(4,. + 1)J , LK^- + 1)J } ' 
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Index 


e^{x) 


(sp) 


|(l + g.-^)(l-g.-^)^ 


(in) 


i(i-9.-^)(i -?.-') 


(rm) 


la-q^r 


(sp ur) 


'^a - q;;'ni - q;;') 


(in ur) 


i(i-0(i -?.-') 


(rm ur) 


U^ - q^ni - q;;') 


(rm rm)* 


1 -25„-2L<5„/2j/-, 2\2 
2^^ 1,1 — g„ ) 


(rm rm ur) 


Q^''^{i-h^'^''^"^)i^-Q^r{i- 


- %') 



Table 2. ey{x) for ungrouped dyadic orbits 



but if 6x,v = Sy then Xx^v may take any value from this minimum up to 6x,v We have 
the relation 



(7.6) 



^\Ox,v '^x,v) 



X), ky) 



determine one another. Thus 
ITJ , by discriminant and level 



and so, with Afc„(x)/fc„ fixed, ^^^^^yj,^ and lev(fe 

the grouping of dyadic orbits with index (rm rm rm) in 

with /c„, coincides with the grouping defined here. 

If X is a standard orbital representative in V^^ for any t> G 9Jl then let us write 



Oy\X ) 



j/xx 



where the sum is over standard orbital representatives which satisfy y x x. Thus 
ev{x) = ev{x) unless v G Tidy and ky{x)/kv is ramified. Also y x x implies that x and 
y have the same type and since there is only one orbit corresponding to each of the 
indices (rm rm)* and (rm rm ur), e„(x) = ev{x) if x is the standard representative 
for either of these orbits. In Table ^ we collect the values of the constants e„(x) for 
those dyadic orbits having £„(x) = £„(x) and in Table ^ we collect the values of the 
constants ey{x) for the remaining dyadic orbits. 

The values of yo\{K.ux) and vol(ii'^ fl G^i^J used to determine the entries in the 
two tables were drawn from Propositions |10.2| , |10.3| , |10.5| , |11.13| , |11.24| of this paper 
and Propositions 4.3, 5.21, 5.27 and Corollary 5.28 of |17|. In Table ^, the second 
column records the conditions on 6x,v, ^v and Xx,v under which the entry is valid. 
From (|7. 5|) and the observations made in the previous paragraph it is easy to see that 
the available conditions are exhaustive. 

It will be convenient to extend the notation of section ^ by writing 

K = ^£:^(x) 
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Index 


Conditions 


ev{x) 


(sp rin) 


^x,v ^ 2r77,„ 


q^'-'^'ii-qy^a-q^y 


(sp rm) 


5,j;^y = 2my + 1 


q^^"'^^'\i - Qy'){i - q;;'r 


(in rm) 


Sx,v < 2my 


?."'^"^^'(l-9.-T(l-9.-^)(l-g."') 


(in rm) 


Sx,v = 2m„ + 1 


Q^^"'''-'\l - %'){l - %'){l - %') 


(rm rm rm) 


Sx,v ^ Sy, Sa;,v < 2m^ 


^-(..,./2+A.,.)^^_^^__1^2(i_g-2)2 


(rm rm rm) 


Sx,v 7^ Sy, S^^y = 2my + 1 


q-("^^-^'-^-^'\l-q-^)(l-q-^y 


(rm rm rm) 


Sx,V = 5y < 2my, X^^y = ^5y 


qv''-'il-q;;')il-2qy')il-q;;r 


(rm rm rm) 


5x,v = 5y < 2my, X^^y > ^5i, 


qv''-{l-q;;'m-q^r 


(rm rm rm) 


Sx,v = Sy = 2my + 1 


g.-''^'"(l-g.-T(l-9.-Y 



Table 3. ey{x) for grouped dyadic orbits 



for all V G SOTf, where the sum is taken over all standard representatives, x, of orbits 
in Gk^\V^^. We call Ey the local density at the place v. 



Proposition 7.7. Let v e OJlf. Then Ey 



q'v 



^)E' where 



{7.1 



EL 



1 - 3g-3 + 2g-4 + ^-5 _ ^-i 

;i+g.-')(i-g.-'-g.-' + ft 



?/)(! + ?; 



,-3 



qv 



2(5„-2[(5„/2j-lx 



ifve OJtsp , 



Proof. First suppose that t> ^ QJIdy Then every index corresponds to a single orbit, 
with the exception of (sp rm) and (in rm), which correspond to two orbits each. 
Using this and the values of ey{x) given in Table |1] it is routine to check the given 
expressions. 

Now suppose that v G OJldy. We have Ey = J2x ^vix) where the sum now runs over 
a complete set of representatives for the x equivalence classes. The values of ey{x) 
are given in Tables ^ and ^ and using them one can easily establish the claim when 
V ^ OJlrm- We carry out the case v G OJlmi explicitly since it is rather more elaborate. 

First suppose that 6y = 21 with 1 < £ < my. The indices which are possible with 
our assumptions are (rm), (rm ur), (rm rm)* and (rm rm ur), corresponding to one 
orbit each, and (rm rm rm), which corresponds to many orbits. Using Table @, the 
contribution to Ey from the first four of these indices is 



(7.9) 



i(l 



-2n2 

qv ) ' 2 



+ l{i 



q-.'?{l 



qv 



1„-Ui 



+ ig--(l - q. 



-2\2 



+ qv'\^-\qv'')ii-qv'Y{^-qv- 



Recall that the orbits with index (rm rm rm) have been grouped under x by 5x^v if 
5x,v 7^ ^v and by level if 5x,v = 5y. If 5x,v 7^ 5y then either 5x,v = 2i with i ^ i oy 
bx^v = 2my + 1. Using Table | and ( [7.5|) , we see that the contribution from these 
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equivalence classes is 

£—1 niv 

^=1 £=£+1 

= C'(i - g;')'(i - C') - qf\i - ?;')'(! - qf) 

+ q^^''^'\l-q;')il-qfr- 



(7.10) 



If ^2^,^ = Sj; then the level, Xx,v, runs from £ up to 5^ — 1. By (|7.6|) , the value 
A^,^ = (5„ = 6x,v, although possible, corresponds to the orbit with index (rm rm ur) 
and so is excluded here. The contribution from the equivalence classes with S^^y = 6^ 
is thus 

2i-l 

(7-11) .fij, 

+ iq;^'''-'^-q;'')il-q;'ni-q;;')- 

Let us now collect all the terms from ( [7.10| ) and ( |7.11| ) which have g~^^ as a visible 
factor. The result is 

C''[ - (1 - q^'ni - qf) + C'(i - g;')(i - qff 

+ (1 - q-'){l - 2q~'){l - q-^f + q;;\l - q^'f{l - qf)] 

= c''(i - g;')(i - ?;') [ - (1 - ^."') + qv\^ - qv') 

+ (1 - 2g-i)(l - g;2) + g-2^^ _ ^^-1^] 
= 

on expanding the factor in the square brackets. It remains to add ( |7.9| ), the first term 
of (fnop and the term -g-^^(l -j~^f{l - q~^) from ( pJ]) to obtain E^. This is 
easily done. The situation where (5„ = 2m^ + 1 is similar, but simpler, and we leave 
it to the reader. D 

In particular, this proposition verifies Condition |6.21| subject to the results of sections 
[ig and In]. 

If F/k is a quadratic extension distinct from k/k then F = k{x) for some x G Lq 
and we shall write F ^ us ii x ^ us and F x (^5 if x x co'5. 
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Theorem 7.12. Let S ^ Tloo be a finite set of places of k and ujs be an S-tuple of 
standard orbital representatives. Then 

lim X-2 y C^Ci.. 

lF:k]=2,F^u)s 

exists and has the value 

where ey{x) is given by Tables [7|, |^ and |^ and E'^ by (\7.8i). 

Proof. By Proposition |7ri| we have 'ty^) = '^k'^^l^p'^F* H F = k(x). RecaU, from 
Proposition |6.19| and ( |2.4| ), that 

3^2 = |Afc|-i/2£,|A^|-i/2c:^ ■ Zfe(2)Z^(2)/|Afe| 

= €k€~,\Ak\-'^^\A~,\-'/^Zk{2)Z~,{2) 

and, from ( p.3| ), that 

Zfc(2) = 2-^^7r-('^i+^^)|Afc|a(2), 

Z^(2) = 2-^^7r-(^^+^^)|A^|C^(2), 

where ri is the number of real places of k and ¥2 the number of complex places of 
this field. Thus 

(7.13) 3^2 = 2-(^^+^^)7r-(^i+^i+^^+^^)|A^/A,|i/2£,e:^a(2)Cfc(2) • 

Let T = S U So and choose a T-tuple, u'j. = {uj'^). According to Theorem |6.22| , 

(7.14) lim V €f€f' 
exists and equals 



\F:k\=2,F^J^ 



Making use of ( [7.13|) and Proposition ^!^ this quantity equals 



2.,-.n-f2-1^3rn+2n2+2.2-n-n-f.|^^y^^|l/2g.3^^(2)C^(2) J] e,{u'^) \{E, . 

v(iT\m.oo v^T 

But Ti = 2rii, r2 = r^ + 2r2 and ri = rn + ri2. Thus 

r2-rii-r2-l =r2- Vu - ri2 - 2r2 - 1 

= -ir2 + rii + ri2 + 1) = -(^i + r2 + 1) 
and 

3rii + 2ri2 + 2r2 - ri - ri - ¥2 = 3ru + 2ri2 + 2r2 - rn - ri2 - 2ru - ri2 - 2r2 

= 
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and we have evaluated ( |7.14]) as 

(7.15) 2-(-+-+i)|A^/A,r/^e:^,a(2)c^(2) H ^^K)"!!^- 

Now 

=a(2r n (i-^."V-n^^ 

and so (|7.15|) equals 

(7.16) 2-(-+-+i)|A^/A,|V2£3^^(2) J] (l-g;^)-^5.(a^:)■^^^ 

Now we sum ( [r.l4|) and ( [7.16| ) over all T-tuples u'rp = {uj'^) which satisfy u'^ x Uy for 
all f G S" to obtain the statement of the theorem. D 



Note that in Theorem |7.12| , S does not have to contain 5*0 . 
Given an S-tuple, us, with S 3 OJIqo let us define 

n++ = #{t; G Mm. \ v G M^p and K{ujy) = k^} , 

n+- = 4^{v G 9H]R I V G nJlsp and K{ujy) ^ k^} , 

n_+ = #{f G 9JIr I V G OJlrm and /i;^(u;^) = ky] , 

n = #{f G OJIr I V G 3Krm and ky{ujy) ^ ky} . 

If F is a quadratic extension of k and F ^ ujg then we denote the composition of F 
and khy F (which corresponds to L in Proposition |7. 1|) . Then it is easy to see that 

ri(F) = 2(n++ + n_+) , r2(F) = n — + ra+_ + 2r2 , 

ri(F*) = 2(n++ + n__) , r2(F*) = n+_ + n_+ + 2r2 , 

ri(F) = 4n++ , r2(F) = 2(n+_ + ?2_+ + ?2__) + 4r2 , 

and so ri(F), ri(F*), ri(F), r2(-F), r2(-F*), and r2(F) depend only upon Us- This 
allows us to define 

c{us) = 2'-i(^)+^i(^*)(27r)"2(^)+"2(^*), 

'?(cu5) = 2^'i(-^)(27r)''2(^) 

where F y^ k is any quadratic extension of fc satisfying F x cj^. 

Corollary 7.17. Lei 5 3 OJtoo ^e a /imte set of places of k and us be an S -tuple of 
standard orbital representatives. Then 

lim X^^ > hFRFhF*RF* 

X~*oo ^-^ 

[F:k]=2,F^ujs 

exists and equals 

2-(-+-+i)c(c.5)-^e^|A^/A,|V2c3c^(2) J] {I - q-'T'syM 'WE'y . 
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Proof. Let F/k be a quadratic extension and suppose that F contains a primitive 
^th j^QQ^ q£ unity, (n, for some n. Since [Q(Cn) : Q] = vi^)^ it foUows that (p{n) < 
[F : Q] = 2[k : Q]. But it is well-known that f{n) — > oo as n — ;> oo and so there 
is some constant A^, independent of F, such that n < N. We conclude that, for all 
but finitely- many quadratic extensions F of k, ep = ep* = e^- This finite list of 
exceptions may be ignored in the limit. Since 

the corollary is now an immediate consequence of the theorem and the definition of 



Corollary 7.18. With the same assumptions as in Corollary \7.1% 



lim X-2 V h^R^ 
exists and equals 

ves\mac, vi^s 

Proof. By Proposition ^ <Lp = (t-'^epCpCi. So 

hpRj, = 2-^^^^\2nr^^^^^ep(tp 
= 7iuJsr'ep€fU€F,€~, 

= 2'^(~'\2ny'(~'yi{us)-h{ujs)epez'ep'e^lh~^R~,€fhFRFhF,RF*. 

As in the proof of Corollary [7.17| , cp = ep* = e^ and cp = e^ except for a finite 
number of quadratic extensions F. Therefore Corollary 7.18| follows from Corollary 



7.17. D 



We now specialize to the case k = Q and S = Tloo- Suppose k = Q(v^) where 
(io 7^ 1 is a square free integer. Then ri = 1, r2 = 0, hk = l,ek = 2 and (tk = 1. It is 
easy to verify that 2-(^i+''2+i)c(cj5)^^e^ = c{ujs)~'^ and 2-(''i+'^2+i)2nW(27r)''2(%(u;s)-i 
both coincide with c±{do)~^ as defined in the introduction. Therefore Theorems |Lj 



and |1.2| are special cases of Corollaries [7.17| and |7.1S . 



8. The omega sets and their properties 

The main purpose of this section is to verify Condition |6.12| . Let v G 9Jlf and 
X G V^^. The function H^ „(s) is defined as an integral over Gk^/C^f.^ and our strategy 
is to replace this by an integral over a carefully chosen set flx,v ^ G^fc„ called the omega 
set. We impose on the omega set, Qx,v, several conditions derived from an analysis of 
Datskovsky's calculations of standard local zeta functions in 0. Once we show that 
these conditions can be satisfied. Condition |6.12| is an almost immediate consequence. 



Thus the bulk of the work in this section is devoted to finding the omega sets and 
verifying their properties. 
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For the sake of Condition |6.12| , it is enough to assume that t> G 2Jl \ Sq. However, 



verifying Condition |6.12| will not be our only application of the existence of omega 



sets. We shall also require them in certain proofs in section |TT| and, for this, greater 
generality will be needed. Thus we shall allow v to be any finite place of k and 
consider orbits of types other than three types (rm rm)*, (rm rm ur), and (rm rm 
rm) at dyadic places v G Tidy 

Before we begin, we shall record as a lemma a simple observation which will be 
useful both later in this section and in the next. 

Lemma 8.1. Suppose that v G Tl, x G V^^ and y G Gk^x. If \P(x)\y = \P(y)\v then 
Z,,„($, s) = Zy^,{<l>, s) for all $ G 5(HJ. " 



Proof. Examining the second equation in Definition |5.22| we see, in light of Proposition 
|5.23| and the hypotheses, that every factor in the definition of the local orbital zeta 
function remains unchanged when we replace x hj y. D 

For each x G V^'^ we choose an element g^ G G'a:„(x) such that g^w = x and g^ 



satisfies Condition ^.8| if k^{x) ^ k^. From this choice we obtain an isomorphism 
^g. -Glk^^ H^k^ where H^k^ is defined by (|5l| ). 

Definition 8.2. A set Qx,v ^ G^^ is called an omega set for x if it has the following 
properties: 

(1) Q^,,x={Gk^x)nVo^. 

(2) K^Qx,v(^g^ {HxOv) = ^X,V 

(3) If 5-1,5-2 G fi^r,!,, h G G°fc^ and gi = g2h then h G 6'-^(iJ^oJ. 

(4) If 5 G Qx,v then |x(5')k ^ 1 with equality only if 5 G K^. 

Below we give omega sets for representatives of each of the orbit types which we 
require. These include the six orbit types possible under the restriction that v ^ Sq, 
as well as the orbits of type (rm) and (rm ur). For the orbits of type (sp), (in) and 
(rm) it will be convenient to use x = w as the orbital representative instead of the 
standard Wp. This is permissible for the purpose at hand by Lemma 571. For the 



orbits of types (sp ur), (sp rm), (in ur), (in rm) and (rm ur) we shall use the standard 
representatives. 

If p{z) = z^ + aiz + a2 E ky[z\ then we shall let a = {ai, 0:2} be the set of roots 
of p and write e{a) = *(1 — ai) (a column vector in kv{wpY). If £ = *(£i I2) is 
any such column vector then we set ||^|| = max{|£i|jt^(t„j^), |i'2|fc„(u)p)}- Let t be as in 
( |3.19D for the field k^ and n{u) = (^n{ui) , n{u2) , n{u3)) for u = {ui,U2,u^) G k^ or 

n{u) = (n{ui) , n{u2)) for u = (^1,^2) & ky x ky. Let g = Ktn{u) be the Iwasawa 
decomposition of 5 G Gk^. In section |^ we described the form of the polynomial p{z) 
for each of the standard orbital representatives. It will be convenient here to add the 
assumption that ai = whenever v is not dyadic, as we may. 
For the index (sp) with orbital representative x = w we define 

(8.3) VLx,v = {9 = ntn{u) I tij = 1 for i,j = 1,2 and gx G Vq^} . 
For the indices (in) and (rm) with orbital representative x = w we define 

(8.4) Qx,v = {g = Ktn{u) I til = ti2 = 1 and gx G VbJ . 
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For the index (sp ur) with orbital representative x = WpWe define 

(8.5) n^,^, = {g = (fi'i,fi'2,fi'3)||det(5fi)|^ = 1 or g^Mdet(5f2)| = 1 or g^, gx G Vb J • 
For the index (sp rm) with orbital representative x = WpWe define 

(8.6) fi^,„ = {g = (5'i,fi'2,fl'3)||det(5fi)|^ = 1 for i = 1,2, gx E Vb J • 
For the index (in ur) with orbital representative x = Wp we define 

(8.7) n,,, = {g = {gi,g2)\\det{gi)\~^^ = l,\\gie{a)\\ = 1, gx E VoJ . 
For the index (in rm) with orbital representative x = Wp we define 

(8.8) (]^,^ = {^f = (5fi,5f2)||det(5fi)|^^ = 1, gx E Vo,} ■ 
Finally, for the index (rm ur) with orbital representative x = Wp we define 

(8.9) n^^^ = {9 = (^i,^2)|| det(^i)|^^ = 1 or g-\ gx E VoJ ■ 
In every case we shall write 

(8.10) Ql, = {gEQ.,.\\x{9)\v = l}. 

Proposition 8.11. The sets defined by ( \8.Si )- ^87^ ) have properties (1), (2) and (3) 
of Definition \8.^ . 



Proof. \i K E Ky then nVo^ = Vo„, \ det(/€)|t, = 1 and ||fi:e|| = ||e|| for any vector e. 
This makes it clear that K^Q^^^ = fi^, „ in all cases. The rest of the argument will be 
case by case, but we make two observations which will be used repeatedly. First, it 
follows at once from the definition in every case that fi^, „x C G^^x fl Vq^ and so to 
establish (1) we need only prove the reverse inclusion. This will be done if we can 
show that given g E Gk^ with gx E Vq^ we can find h E G^^,^ such that gh E flx,v 
Secondly, any h E G^^^ may be expressed as h = gxSx{tx)g~^, in the notation of 



(5^)-(5^), and h E 6~^{HxOv) if ^^d only if all the components of t^ are units. 

Consider the cases (sp), (in) and (rm). We may assume, for simplicity, that 
gx has been chosen to be the identity. Take g E G^^ with gx E Vq^ and let 
g = n{g)t{g)n{u{g)) be its Iwasawa decomposition. Let Sxit^) be as in ( p.2| ) or 
( F^ . By choosing t^ = (tii(fi')~\ ti2(5')"\^2i(fi')~\^22(fl')~^) in the first case and 
tx = (tii{g)~^ ,ti2{g)~^) in the second, we may arrange that gSxitx) E Vtx^v This 
proves property (1). Moreover, ii g E VLx,v and all the components of t^ are units then 
commuting Sx{tx) past the T^^ and N^^ factors in the Iwasawa decomposition and 
absorbing it into the K,, factor shows that gSxitx) E VLx,v also, which proves property 
(2). For property (3), observe that in the Iwasawa decomposition, the T^^ factor is 
unique up to multiplication of its diagonal elements by units. Thus if gi,g2 E Vtx,v 
and gi = g2h with h = Sx(tx) then Sx(tx) E HxOv- This proves property (3). 

We next turn to case (sp ur). Let Sx{tx) be as in (|5.3|) and g E Gfc„ with gx E Vq^. 
Note that 

\detSxi{tx)\v = \^k^{x)/k^i'tii)\v 

and since ky{x)/k^ is unramified, this may be any even power of q^. The same holds 
for I det Sx2itx)\v and the determinants of the components of gxSxiix)9x^ are the same 
as those of the corresponding components of Sx{tx)- It follows that we can arrange 
9{9xSx{tx)gx^) £ ^x,v for a suitable choice of tx and this proves (1). If Sx{tx) E HxOv 
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then the determinants of each of its components are units and this makes (2) obvious. 
Also, this argument shows that if gi, g2 G Qx,v, h = gxSx{tx)gx^ ^"^^ 9i = fi'2^ then tn 
and ^21 are units, which imphes that Sxitx) G Hxo^] hence (3). 

The case (sp rm) is very similar, with the one difference that since k^{x)/k^ is 
ramified, | det Sxjitx)\v can be any integer power of q^. 

Next we treat (in ur). Let g = ((71,(72) G Gk^ with gx G Vq^ and Sxitx) be as in 
( |5.5| ). Note that e(a) is an eigenvector for the first component oi h = gxSxiix)9x^ 
with eigenvalue tn. So if /i = {hi,h2) then ||5fi/iie(a)|| = |tii|^ ||(7ie(a)||. Also, 
I det((7i/ii)|^ = |det((7i)|^ |tiiti2|^ . We are free to choose the pair (tii,tiiti2) G 
kf, arbitrarily and so there exists h G 0°^^^ with gh G fix,v, proving (1). If (7 G 
fix,v and h G 0~^{HxOv) then tn and ti2 are units and so ||(7/ie(a)|| = ||(7e(Q;)|| and 
\det{gh)\^^ = |det(5f)|^^, which proves (2). Also, if fi'1,5'2 G fi^.,^,, h = gxSx{tx)gx^ 
and gi = (72^ then |tii|^^ = |tiiti2|^^ = 1, which implies that h G 0~^{HxOv) ^^^ (3) 
follows. 

Finally, cases (in rm) and (rm ur) are very similar to cases (sp rm) and (sp ur). Note 
that if Sx{tx) is as in ( ^ then | dets^i(ta;)|^^ = |N^^(^.)/^^(tii)|^^. In case (in rm), 

ky{x)/ky is ramified and so this takes every value in \k^\i ■ In case (rm ur), ky{x)/ky 

is unramified and so \ det Sxi{tx)\% takes every value in \{k^Y\% ■ The rest of the 
argument is identical to that in the cases already mentioned. D 

Using only parts (1), (2) and (3) of Definition |8.2| we can prove the following. 

Proposition 8.12. Let "^xv be the characteristic function ofQxv Then 



Zx,v{'^v,o,s) = / \x{9)\t,'^x,v{9)d9v 



Proof. Since 

dgij dg^d bi}^ dg^y dg^^d tj,, fl(7i' '-^x,vdg^ ydg^ y, 

dgv = bx,vdg'^ ydg" y. So the right hand side of the above identity is 

(8-13) bx,v \x{9x,v)\l\ '^x,v{9x,v9x,v)d9x,v] dg'x^v 



By (2) and (3) of Definition |87^ , '^x,vi9xv9xv) i^ non-zero if and only if (7^^ G ^x,v 
and g"y G 9g_^{HxOv)- Since we chose the measure dg"^ so that the volume of this 
set is one. 



'^xA9'x,v9x,v)d9x,v 
is the characteristic function of ^x,vG°^k^/G°xk^ — Gk^x fl Vq^- Therefore, ( p.l3| ) is 

Kv / \x{9'x,v)\l^v,o{9x,vX)d9'x,v^ 

which is the definition of Zx^^vfi^ s). D 
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Before we verify part (4) of Definition |8.2| it will be convenient to prove three 
lemmas. First note that we may let GL{2)k^ act on the space of quadratic polynomials 
in ky [z] by regarding such polynomials as the inhomogeneous forms of binary quadratic 
forms. With this convention, if ^(2;) = z"^ + aiz + a2 G k^[z] and g = a{ti,t2)n{u) then 

gp{z) = t\z^ + tit2{2u + ai)z + tliv^ + aiu + 02) . 

Lemma 8.14. Suppose that p{z) is an Eisenstein polynomial. Let t E k^ , u E ky, 
i = Oorl and suppose that 7r*a(t, t~^7r~^)n{u)p{z) G Ov[z]. Then t G O^ and u E O^. 
Moreover, if i = 1 then m G p^, . 

Proof. We have 7r*t^ G O^, which implies that t G Oy since i = or 1. Since 
t~^7r~*('U^ + 01^ + 02) G Oy, {u'^ + aiu + a2) G t'^iilOy. In particular, u'^ + aiu + a2 G Oy 
and so u{u + Oi) G Oy. li u ^ Oy then ord('U + Oi) = ord(M) and we reach a 
contradiction. Hence u E Oy. The order of u^ + aiu + 02 is either (if m G Oy) or 
1 (if M G p^). If 2 = this forces t G Oy and if i = 1 it forces first t G Oy and then 
M G p^. D 

Lemma 8.15. Suppose that p{z) = 2:^ + 02 with —02 G O^ \ (C^)^, if v ^ 2)Idy; or 
that p{z) is an Artin-Schreier polynomial, if v E OJtdy Let t E ky , u E ky, i = —1, 
or 1 and suppose that iila(t,t~^7i~'')n{u)p{z) E Oy[z]. Then i = 0, t E Oy and 

U E Oy. 

Proof. The conditions imply that 7r*t^ and t~^7r~*p(u) are integral. Since — 1 < "i < 1, 
t E Oy. Thus p{u) E n'^Oy, which implies that u{u + ai) E n'^Oy. If u ^ Oy then 
ord(M) = ord(u + ai) and so ord(u(M + ai)) is a negative, even integer. This is a 
contradiction and so u E Oy. The reduction of the polynomial p{z) has no roots in 
Oy/py and thus p{u) E Oy for all u E Oy. It follows that t^vr* G Oy . This gives i = 
and t E Oy , as required. D 

Lemma 8.16. Let x be a standard orbital representative and suppose that y E Vq^ 
lies in the orbit of x under Gk^. Then \P{y)\y < \P{x)\y. 

Proof. If ky{x) = ky then |P(a;)|^ = 1 and P{y) E Oy since y E Vo^. The statement 
follows in this case. We now assume that ky{x) 7^ ky. Let Fy{vi,V2) = bovf + hiViV2 + 
h2vl and consider the polynomial r{z) = z^ + biz + 60^2- Since y E Vo^, bo,bi,b2 E Oy 
and so r{z) E Oy[z]. The discriminant of r{z) is equal to the discriminant of Fy and 
so if /3 is a root of r{z) then (3 E ky{y) = ky{x). It follows that Oy[P] C Ok^(^x) and 
hence that P{y)Oy C Afc^(j.)/fc^. But the standard orbital representative was chosen 
so that Afc^(2;)/fc^ = P{x)Oy and the statement follows in this case also. D 



Proposition 8.17. The sets defined by ( \8.^ )- i^^7^ have property (4) of Definition 
Consequently, they are omega sets. 



Proof, li g E Q.x,v then gx E Vq^ and so \P{gx)\y < \P{x)\y by Lemma |8.16|. But 



\P{gx)\y = \xig)\v\Pix)\y and it follows that |x(fl')k ^ 1- This establishes the first 



part of (4) in Definition R]2 



We now have to show that ii g E Q].y then g E Ky. The orbital representatives 
have already been fixed in (^.3|)-( pl9D and the notation introduced there will be used 
without comment below. 
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We begin with the cases (sp), (in) and (rni). Let g E Q].^; we have to show that 
g G K^. By (2) of Definition |8.2| , Q].^ is left K^j-invariant and so we may assume 
that g = tn{u). Since g G Vt^^v we have tn = ti2 = t2i = t22 = 1 in case (sp) and 
i^ii = i^i2 = 1 in cases (in) and (rm). The assumption that |x(5')|v = 1 imphes that 
|^3i^32|i) = 1 in case (sp) and that |t2it22|j; = 1 in cases (in) and (rm). In case (sp) we 
have 



(8.18) gW=UA^ "M,t32("^ ,/^"^ 

^ ^ \ \Ui U1U2J \U1U3 1 + U1U2U3 

and in cases (in) and (rm) we have 



)) 



(8.19) 9»=(tn(„, N,.,,.K)j''-U"3 l + %vJ.0«3 

Let a = ordfc„(t3i) or ordfc„(t2i)- Then, by assumption, ordA..„(t32) = -a or ordfc„(t22) = 
—a. Consider case (sp). Let Ui = 'n'^Ui for i = 1,2, and u^ = n^'^u^. Then gw G Vq^ 
if and only if 

<, Ui,U2,U3, 7r""MiM2, Tl'^UiU^, n'''u2U3, 
7r~''{l+TT~''UiU2U3). 

are integral. So a > 0. We assume a > and deduce a contradiction. Suppose ui is 
not a unit. Then 

7r^"MiM2M3 = (vr~"M2M3)Ml = (p„) . 

Then 1 + 7i~°-uiU2U3 is a unit. This implies vr~"(l + 7!'~"'UiU2U3) ^ (9„, which is a 
contradiction. So mi is a unit and similarly U2,U3 are units also. Then the order 
of 7r~"(l + Ti~°'UiU2U3) is —2a, which is a contradiction. This implies a = 0. Then 
Ui G 0„ for z = 1,2,3. Cases (in) and (rm) are similar using ui,u1,U2 in the places 
of Ui,U2,U3 above. The only difference is that we consider elements in O^. 

Next we treat the case (sp rm). Suppose g = {gi,g2,gz) ^ ^\v- Then Idet^fjl^, = 
1 for ? = 1,2,3. We may assume that gi,g2,g3 are lower triangular. Note that 
Fwpiz, 1) = p{z). So Fgy,^{z, 1) = (d et gi det g2)g?.p{z) is integral. Since det gi, det 5^2 e 
0,^ g3 G GL(2)o^ by Lemma [S^. 



In this case, we can regard V as Aff ® Aff Aff . Instead of the third factor, 
we can use the first and the second factors to make equivariant maps similar to F^. 
Then because of the symmetry of our element Wp, gi,g2 G GL(2)c)^ by Lemma ^.14 
again. This concludes the verification in this case. 

Now we consider the case (sp ur). Let g = (fi'i,5'2,fi'3) G ^x,v and |x(fl')|v = 1- In 
this case there are four possibilities as follows: 



(A) 


det^fil^ = |det5f2 1, = 1, 


(B) 


det^il^ = 1, 1 det ^2 1, = Qv^ 


(C) 


detgiU = qv^, 1 det ^2 1, = 1, 


(D) 


det^il^ = q~^, 1 det ^2 1, = Qv 



For these cases, |det5'3|t, = l,g„,g„,l respectively. The argument in case (A) is 
similar to that used in case (sp rm). In case (B), Fg^^{z, 1) = n^gsp^z), and det (73 = 



TT^ . Since Fgu)p{z, 1) is integral, this corresponds to the case z = 1 in Lemma |8.15 . 
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Therefore this cannot happen. Cases (C), (D) are similar to case (B) because of the 
symmetry (considering an equivariant map using the second Aff factor in case (D)). 
Now we consider the case (in ur). Suppose that g = ((71,(72) G ^l^,. This imphes 
that I det{gi)\i = \ det{g2)\v = 1- We have 

Fg^{z, 1) = N^^/^^(det^i)^2P(2:) 

and, since N^^ ^^(det ^^i) is a unit by assumption, g2 G GL{2)o^ by Lemma p.l5| . Since 
Qx,v is left i^^-invariant we may assume that (72 = 1 and that (71 is lower triangular, 
say (7i = a(tu,ti2)n{ui). Note that 

(8.20) (7ie(«) ^ ^" 



J^uiui - ai)J 

and this is a primitive integral vector. Computation gives ((71, l)wp = (Mi, M2) where 

^11^12 



^'~ \tntu N^„/,„ (ti2) [Tr^„/,„ (ui) + a, 

M ^f ^l./kStii) tiit?2K + «i) 

^ \t'iiti2{ui + ai) N^^/^Jti2)m(ui,p) 

with 

m{ui,p) = al-a2 + aiTr^^/^^(Mi) + N^^/^^(mi) 

and both these matrices must be integral. Let Ui = Ui — ai. Then Tr^ ^ (ui) + ai = 
Trr ,. (ui) and 

m{ui,p) = N^^/,^(mi) - Tr^^/,JaiMi) 

and so Mi and M2 are integral if and only if 

^11' «i' N^./fc„(^i2)Trfc^AJ^i)' 
Nfc,/fc„(^i2)[N^^/fc„(Mi) - Tr^^/^J«iMi)] 

are integral. Since ai G O^, it follows that ui G O^. Also tn G Ot, and it remains to 
show that til and ti2 are units. From the definition of fix v we know that |tiiti2lT: = 1- 
Let ord^ (tn) = i; we assume that i > and deduce a contradiction. We have 
ord^ (ti2) = —i and, from ( ^.20| ), we conclude that ord^ (ui) = i. Thus we may write 

Ml = vr* (mh + 'Ui2Cti) where Un, Uu G O^ and Un + UuCti G O^ . Then 

Nfc„/fc„(Mi) = vr^^l^n - aiMnMi2 + a2M?2], 
Trfc„/fc,(Mi) = <[2Mn - ai^ia], 
Trfe,/fc,("i^i) = <[-aiMii + (aj - 202)^12] 
and, since ordfcj,(N^ n (tu)) = —2i, it follows that 

-aiMii + (a? - 2a2)ui2 = (p^), 
(o.22j _ _ 

2mii - aiMi2 = (p;) . 

Regarding this as a linear system for ('Uii,Ui2), the determinant of the coefficient 
matrix is —a^ + 4a2 = —P{x). This is a unit by the choice of x and so ( |8.22| ) implies 
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that {uu,Ui2) = (0,0) (p^). This contradicts Uu + ■Ui2«i G O^ and so i = 0. This 
completes the case (in ur). 

Next we must deal with the case (in rm). Suppose that g = {gi,g2) G ^\v- 
By similar arguments to those of the previous case, using Lemma p.l4| in place of 



Lemma |8.15| , we see that g2 G GL(2)c)^. Hence we may assume that 5'2 = 1 and that 
gi = a(tii,ti2)n{ui) is lower triangular. Then {gi,l)wp = (Mi,M2) where Mi and 

M2 are given by (|8.21|) . Since tutu ^ C^^; ^i ^^^ ^2 are integral if and only if 
(8.23) tn, Ml, N^^/^^(ti2)[Tr^^/;.^(Mi) + ai], N^^/^^(ti2)m(Mi,p) 

are integral. Let ord^ (tn) = z; we shall again assume that i > and derive a 
contradiction. We have ord^^(ti2) = — i, so that ordA;„(N^^ ,^^(^12)) = — 2z. Thus 
Tr^^,^^(ui) = —ai (p^*) and, since p{z) is an Eisenstein polynomial, it follows that 
Tr^^,^^(ui) = (pt,). Also, m(iti,p) = (p^*) and, using our conclusion about 
Tr^^,^^('Ui) together with the fact that p{z) is an Eisenstein polynomial, we deduce 
that ^i^/kS'^i) = 02 {pD- But ordfc,(a2) = 1 and ordfc„(N^^/fc^(Mi)) = 2ord^^(Mi) is 
always even, so this last congruence is impossible. This contradiction completes the 
case (in rm). 

Finally we must deal with the case (rm ur). Suppose that g = {gi, (72) G ^Iv- There 
are apparently two possibilities: either | det((7i)|^ = | det(f72)|D = 1 or | det(5'i)|^ = 
q~^ and |det(5'2)|i> = Qv However, Lemma ^.15| shows that the second possibility 
cannot occur and, moreover, that g2 G GL{2)ci^. Thus we may assume, as usual, 
that gi = a{tii,ti2)n{ui) and (72 = 1- The matrices Mi and M2 given by (|8.21 ) 



must be integral and, since tiiti2 is a unit, this happens if and only if the quantities 
enumerated in ( p.23|) are all integral. Again assume that ord^ (tn) = i and that 
i > 0. Then Tr^^,^^(Mi) + ai = (p^). If v is dyadic then ai = —1 and so this 

congruence forces Tr^^,^^(Mi) to be a unit. However, since k^/kv is ramified, u^ = 
ui {py) and so Tr^^,^^(ui) = 2mi = (p^), which implies that Tr^^,^^(Mi) is not 
a unit. This contradiction completes that proof in the dyadic case. Now assume 
that V is not dyadic. Then ai = and so Tr^ ,j^. (ui) is not a unit. We can write 
Ui = Uii + U\2\fTU} with Mii,'Ui2 G Oy and a suitable choice of uniformizer vr^,. Since 
Tr^ 1^ (mi) = 2^11, we conclude that U\\ is not a unit and hence that U\ is not a unit. 
However, m{ui,p) = —02 + N^^ ,^^(-Ui) = (p^) and 02 is a unit. This contradiction 
completes the proof in the non-dyadic case. D 

Having completed the verification that Qx,v is an omega set in every case, we can now 
quickly achieve the aim of this section. 



Corollary 8.24. Condition 6.1i holds. Moreover, axvn = ^ if ^ is odd. 



Proof. Let w G 9Jt \ 6*0 and y G V^^^. From Lemma |8ri|. Proposition |8.12| and the 
choices made above we have 



(8.25) Sj,,„(s) = ^^,^($^,0, s) = / IxigWvdg^ 
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where x is the representative we have chosen here to represent the orbit of y. Let 

Vj = {g e ^x,v\\x{g)\v = Qv^}- From ( g.25| ) we obtain 

OD 

j=-oo 

However, from (4) in the definition of an omega set, V^- = if j < 0. Thus the sum 
really only extends from to oo and ay,v,n = vol(Ki) for n > 0. This makes it clear 
that ay,v,n > for all n. Since x is the square of a rational character, 14 = if 
n is odd and this gives the last statement. Finally, again by (4) of the definition, 

K) = ^l,v = Kv and so ay^^^Q = vol{K^) = 1. D 

9. The estimate of the local zeta functions 

The purpose of this section is to verify Condition |6.13| . So we assume that v G QJlV^o 
and X G V^f*. Our method will be to estimate Er^^^^s) by expressing it as an integral 
over a domain, r„, adapted to the purposes of this section as the omega sets were to 
those of section ||. Throughout this section, if T^i and Tx2 are distributions depending 
on X and T^i = CxTx2 for some constant C^ ^ ^ then we shall write T^i ex Tx2- After 
working with such proportionality statements, we shall appeal to the results of section 
H to strengthen them to inequalities. Thus the results of this section depend logically 
on those of the last. 

We introduce the following objects (j > in the last equation). 



(9.1) 



7 



d-^ 



r. 



Ti 



(a(l, ti)n{ui), a(l, t2)n{u2),n{u^)a{U, U)) v G DTtsp, 
(a(l, ti)n{ui),n{u2)a{t2, h)) v ^ Tl^p, 

d^tid^t2d^t^d^tiduidu2du-i v G 9Jtspj 
d^tid^t2d^tsduidu2 v ^ Tl^p, 

{l I ti,t2,j3,U e k^, Ui,U2,U3^e K} V G 9Jlsp, 

{7 I ti G /c^ , t2, h^K^ ^1 ^ K, U2 e K} V ^ wisp, 

{7 G r^||tit2t3t4k = g^r^} w G 9Jtsp, 

{7 G r,||N^^/,^(ti)t2t3|. = g-n V ^ Msp. 



In the above definition, d^ti,dui, etc., are the standard measures on k^,k^,k^, or 
fc„, and d'-f is thus a measure on Ty right invariant with respect to the last entry and 
left invariant with respect to the other entries. 

Lemma 9.2. If x E V^^ is a standard orbital representative then 



for every f G L^{Gk^x) which is invariant on the left by the action of elements of the 
form (1, 1, k) or (1, k) with k G GL(2)0 . 
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Proof. We begin with the case v G OJlgp. Define 

/goN f = 1-7 G G 7 = (a(l,^i)^(wi),a(l,^2)^(M2),^3) 

^ ■ ^ t. <|^7 fc. ^^^^^ ^ ^x^ Mi,M2G A;„ 

Suppose that x = Wp where p{z) = z^ + aiz + 02 (recall that all the standard orbital 
representatives have this form). We claim that f„ fl G"^^ = {1} and that 

^vGlk^ = {{91,92,93) I 9iii + ai9iii9ii2 + a29a2 7^ 0, i = 1,2}. 

The elements of the group G" ^ have the form described in Lemma |3.27| . This makes 
it clear that F^ fl G°;.^ = {1}. Since the last entry in elements of T^ is unrestricted, 
we need only show that the equation 

1 0\ (mil ^^12^ / c —d 



^ ' ^ ^ u' t j \m2i rn22) \a2d c — aid 

is always solvable for t j^ 0, u' and c and d satisfying c^ — aicd + 026?^ 7^ provided 
that mf-^ + aimiimi2 + 02^12 7^ and the matrix {rriij) is non-singular. 

If (|9.4|) holds, we must take c = mn and d = —mi2 and then the equation is 
equivalent to 



mil "^21 \ u 
fnu m22/ V i 



/ -a2mi2 \ 
l^mii + aiTni2j 



which is solvable for t and u' since the coefficient matrix is non-singular by hypothesis. 
If t = then we have u'ruu = —a2'mi2 and u'mi2 = mu + aimu. Multiplying the first 
equation by mi2, the second by mu and subtracting, we obtain mii + aimiimi2 -|- 
02^12 = 0, contrary to hypothesis. This proves the second claim. 

Let di'j = d^tid^t2duidu2d93. Then de'j is a left Haar measure on the (non- 
unimodular) group f ^. From what we have just shown, it follows that Gfc„ \ F^ ■ G° ^^.^ 
always has measure zero. Thus we have 

/ ^ fi9x,vx) d9x,v = L ^ fi9x,vx) d9'x,v 

oc / f{ix)da 

for all / G L^{Gk^x). Now if yj G L^(GL(2)^, ) is left invariant under GL(2)0 then 
the Iwasawa decomposition implies that 



(p{h) dh (X (p{b) drb 

GL(2),^ Jb 

where B = {n{u2,)a(t3,t4) \ t3,t4 G k^,U3 G k} and drb denotes the right Haar 
measure on the group B. It is easy to check that drb = d^t^d^t^du^ and applying 
this in ( |9.5| ) we obtain the conclusion. 

Finally, almost identical arguments apply in the case when (Gfc^,\4^) is not split 
and we shall not repeat them. D 

Proposition 9.6. If p{z) = z^ — z then we have 
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Proof. Our work will be simplified if we compute with the element x = fiQWp with 
uq = (l,l,*n(l)) or (l,*ra(l)) instead of with the element Wp. By Lemma |8.1| , 
Zwp,v{^v,o,s) = Zx^v{^v,o,s) and so this is permissible. 

Suppose that v G OJtsp- Then, by Lemma p.27| elements of 6*°^^ have the form 

Cii Cii - Ci2\ fc2i C21 - C22' 



^^'^^ ^ ^ C12 ; ' V C22 

where * is determined by the other two entries. Note that the conjugation by no does 
not change the first two components. Let 

/i = (*n(Mi),*n(M2),a(ti,t2)n(M3)), 

(9.8) dfi = \ti^t2\vd^tid^t2duidu2du3, 

S = {fl\ ti,t2 e k^, Ui,U2,U3 G K}. 

From ( |9.7|) and the Iwasawa decomposition it follows that KySC^f,^ = Gk^ and dg oc 
dnd^dg'lj.^. Since (^^fl is -ft"„-invariant, 

OC / \x{^J)\l^vfi{^ix)d^l. 

Js 



Computation gives 



I /^l 0^ J. fus- Ui- U2+U1U2 + 1 Ml - 1 

^^=llo oj'^^^ U2-1 1 

Introducing the variables 

Ml = ^2(^1 - 1), U2 = t2{u2 - 1), M3 = t2{u3 - Ml - ^2 + M1M2 + 1) 

we have duidu2dus = \t2\ldu1du2du3. So 

S.,.(S) oc y |ti|2/-l|t2|r'<^.,0 ((*o^ S) , (g l^ )) dH,dH2du,dU2du, 
|j |2s-l| . |2s-2 TX . TX . 

Kilt, |''2|t, w tia t2 



|tl|t,,|i2|t,<l 



But we know from Condition |6.12| that the constant term in ^^.^^(s) is 1 and so ^^.^^(s) 
has the stated value. When v G OJlin the calculation is a simple variation on the above 
and we shall not reproduce it here. D 

Proposition 9.9. Let v G DJlgp and suppose that x is the standard orbital represen- 
tative for an orbit with ki,{x) ^ k^. If 

L,{s) = 1 + 8(1 - q;'^'~'Yh;'^'~'\^ - ^q;'^'~'^ + q;'^'-'^) 

then E:^Js) ^ LJs). 
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Proof. The standard orbital representative is x = Wp for some quadratic polynomial 
p{z) = z'^ + a2 which is irreducible over ky (we may assume that ai = since v ^ OJtdy). 
Let 7, d'f, Ft, and Tl be as in ( p.l|) . By Definition |5.22| and Lemma p.2| , 

S^,^(s) = Z^,„(<l>„,o, s) =C^ \x{l)\l^v,o{lx)d'y 

for some constant C^ 7^ 0. Since r„ = ]J . r;j, 

00 „ 

which implies that 

(9.10) ax,v,2j = Cx ^yfl{-fx)d'y 

Jri 

for all j > 0. (Recall that ax,v,n = if n is odd by Corollary 8.24 .) 
Computing, we find that 7X = (Mi, M2) where 

M =( ^ ^'^' 

J^ ^ ( ^4 t2(t4.U2 + t3U3)\ 

with 

m(t, u) = tit2h{Ui + U2)U3 + tit2ti{UiU2 - 02)- 

If we make ti, . . . , ^4 units and ui, . . . ,us integers then ■yx G Vo^ and the volume of 
the set {7 I tj G 0^,Uj G O^} under dj is 1 and so It follows from this. Condition 
6l| and (|CT| ) that 



1 = a^,v,o = Cx I ^vfi{ix) d-f >Cx. 
Jro 

Therefore, from ( |9.10D again, 

(9.11) a^,v,2j < / ^v,o{lx)d'y 

for all j > 0. 

We introduce new variables defined by 

tl = t4, t2 = ^2^3; ^3 = ^1^3; ^4 = ^1^2^3^4 ■ 

Then 

^1 = tl ^2 ^4; t2 = tl is ^4? is = ^li^2^3^4 ) ii = il- 

Note that ti, . . . , ^4 are monomials of ti, . . . , t4. So they correspond to a lattice in Z'^. 
Since the correspondence between (ti, ■ ■ ■ , ti) and (ti, ■ ■ ■ , ^4) is bijective, this lattice 
must be unimodular. This implies that 

(9.12) d''tid''t2d''tsd''U = rf^tid^t2rf^t3rf^t4. 

Suppose that 7X G Vq^. Then ^1,^2, ^3 ^ C^i;- Since |P(x)|i, is the maximum of \P(y)\y 
for y G Gfc^a; fl Vq^, \P{x)\^ > |P(7x)|^ = |t4|^|P(x)|^, which implies that ^4 G 0„. 
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The conditions that the (2, 2) entry in Mi and the (2, 1) and (1, 2) entries in M2 are 
integers may be expressed as N*'{ui,U2,u^) G Ol where 

(titih tit2h \ (t^% i^% 0~ 

N = tiU titg = t2% ts 

\ t2t4 t2h) \ i^% h 

This matrix factorizes as A^ = Di^CD2 where we have set Di = diag(ti, ^25^3); 
D2 = diag{U, h^hh) and 

C = 

Let 

= CD2 

Then the three conditions are equivalent to *(mi, ^2? ^3) ^ DiO^, which in turn is 
equivalent to the conditions 

(9.13) ui G iiOy , U2 e hO^ , Us e isO^ . 






By computation, 




tj {Ui +U2- U3) 
:i/2) I _ q\ui-U2 + U3) 



and 



3- 



(9.14) duidu2du3 = 1^2^3^411, duidu2du 

The remaining condition for jx G Vq^ is that m{t,u) G Oy. Expressing m{t,u) in 
terms of the coordinates (ti, ^2, ^3, ii, Ui, U2, U3) we find that 

m{t,u) = {l/4)i^H2%^[-Q{ui,U2,U3) -4t^a2] 

where Q{ui,U2,U3) = uf + ul + u^ — 2{uiU2 + U1U3 + U2U3). Since v ^ DJtdy and 
P{x) = — 4a2, 'n2(t, u) G O^ if and only if 

(9.15) Q{ui, U2, U3) - tlP{x) G hhhO,. 

We claim that at least one of |ti|„, \is\t; and |t2|?; niust be greater than or equal to 
1^4!^,. Suppose to the contrary that \ii\v, \i2\v, \i3\v < \i4\v Then \ui\v, \u2\v, \u3\v < 
\ii\v also, by ( |9.13| ), and so \Q{ui,U2,U3)\y < \ii\lq~'^. Furthermore, since ^4 G Oy, 

and it follows from (|9.15|) that |t4|^|P(a;)|^ < |t4|^g~^ and so |P(s)|.„ < q~^. However, 
by the choice of the standard orbital representatives, |P(x)|i, > q~^ and we have a 
contradiction. This establishes our claim. 

Next we claim that |ti|^, |t2|«;, 1^3^ > I ^4 1 ^ 5^7 "'^- Suppose to the contrary that one of 
these quantities is less than |t4|^g~^. In light of the symmetry between the roles of 
the pairs (ti,^!), (^2,^2) and (^3,^3) we may suppose without loss of generality that 
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l^sl^ is the greatest of |ti|^, 1^2^ and \t3\y and that |ti|^ < |t4|^g^ . By the previous 
paragraph, \is\y > li^l^. Dividing (|9.15|) through by t| we obtain 

We have Ui/i-^ G (ti/t^)Ov and so we may drop the terms involving Ui/i-^ to obtain 

(9.16) {i^\u2 - u^)f - {il%fP{x) e i^%0,. 

Now 

|(t3 ^4) P{x)\v > Itsl^ |i4Lq'„ > \t3\v l^llf ^ l^sly |^i|d 

and hence \i^^ {u2 — us)]^ = \{i^^i4yP{x)\v This imphes that |t4^^('U2 — us)]^ = 
\P{x)U > g."' and so OTdkM\u2 - U3)) < 0. By (|91^ ), 

(tri(M2 - M3))' - p(x) G ifiiho. c t^^^ia c p2. 

These last two facts allow us to apply Hensel's lemma to conclude that P{x) G {k^Y, 
which contradicts the assumption that fc^(x) 7^ k^. Thus |ti|t,, \i2\v, \i^\v > 1^41^?^"'^; 
as claimed. 

Changing variables to (ii, t2,i3,i4,'Ui, ^2,^3) in (|9.11| ) and using (|9.12|) , ( |9.14| ), we 
obtain 



a. 



'x,v,2j 



< 



Q^ 



2i 



htstllv ^ d^ tid^ t2d^ t^d^ tiduidu2du3 



t2t3\v ^ d^ tid^ t2d^ t^duidu2du3 



where, on the domain of integration, |-Uj|j, < |tj|j, and 1 > |tj|j, > |t4|^g~^ = q^"^^'^ for 
i = 1,2,3. Note that \i4\y = q~^ on F^. Carrying out the integration with respect to 
Ml, U2 and U3 we get 



ax,v,2j < qV I \ti\yd''tid''t2d''t3 



<qlK^-qv 



l\~l 



'^>\tz\v,\t2\v>qv 



2j-l 



d''t2d''h 



<2g2^(2j + 2)2 

Note that the volume of the set U.£oV;0^^ is 2j + 2 and (1 - q-^Y^ < 2. Put 
Bj{v) = 9>ql^{i + 1)^. Using the formula 



(9.17) 



1—1 


= % 


\l- 


-% 


r\ 


00 


= <lv 


^(1- 
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-s\-3 
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valid for Re(s) > 0, we obtain 

oo 

i=i 

valid for Re(s) > 1, where L^{s) is given in the statement of the proposition. This 
completes the proof. D 

Proposition 9.18. Let v G DJlm and suppose that x is the standard orbital represen- 
tative for an orbit with ky{x) ^ k^. If 

Us) = 1 + 4(1 - q;'^-^~'Y\'^'-'\2 - g;^(-i)) 

then Ex^v{s) =4 L^{s). 

Proof. The structure of this proof will be very similar to that of the proof of proposi- 
tion p.9| and so we shall abbreviate somewhat. We have x = Wp for some irreducible 
quadratic polynomial p{z) = 2;^ + 02 G ky[z]. Let 7, ^7, Ty and Tl be as in (p.l|). 
Arguing as in the previous proposition we obtain the inequality 

(9.19) a^,v,2j < / ^v,o{lx)d'j 

Jri 

for all j > 0. 

Calculation gives 7X = (Mi, M2) where 

t^t2 



^'-'tih t2N^„/,„(tOTr^^/,^(t.i; 

M ^( h tUtsul + t2U2)\ 

^ \ti{t3Ui + t2U2) m{t,u) J 

with 

m{t,u) = t2N^^/,^(ti)Tr^^/,^(ui)u2 + t3N^„/fc„(ii)[N^^/fc„(Mi) - ^2]. 

We introduce new variables defined by 

^1 = tit2, t2 = ta, ts = t2^3N^^/fc„(''^l)- 

Then 

ti = ti'^t2 ^3, h = his N^^/fc,(^i)' h=i2- 

Since we are dealing with coordinates in two different fields, k^ and fc^, a small digres- 
sion is required to calculate the relationship between d^iid^hd^t^ and d^tid^t2d^ts. 
Let us fix an element /3 e fc^ which satisfies (3" = —f3. For u & k^, we de- 
fine u~^ = u + u" and u~ = {u — u")/ (3. Both u^ and u~ lie in k^ and since 
u = (1/2) (m+ + Pu~), u~^ and u~ serve as k^ coordinates for k^. We use this no- 
tation replacing u by other letters. The measure corresponding to dt^ dt^ is invariant 
under addition and hence there is a constant C^, depending only on k, k and v, such 
that 

dtfdti 



d t\ — C-j,- 



^ljkSi^)V 
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We also have N^^,^^(ti) = (1/4) [(t|)^ — /3 (t^ ) ] and a calculation gives 



d(ti ,ti ,^2,^3 



d{ti , ti ,^2,^3 



l^3N^„/,^(tl)|. 



so that rft|rftrt^''^2C?''t3/|N^^/^^(ti)|^ = dttdtYd''t2d''t3/\N~^^^^^{h)\^. Multiplying 
both sides by C„ we obtain 

(9.20) d''hd''i2d''h = rf^tirf^ts^^'ta. 

Suppose that jx G Vo^- Then ti G O^ and ^2 ^ C^^,. Also i^ G C^, by Lemma |8.1ti . 
If we set 

^l=Nfc„/fc„(tl)M2 + t>i 

then the (2, 2) entry in Mi is ^^^^2 and the (2, 1) entry in M2 is i^'^Ui and it follows 
that 



We have 



and so 



Ml G t^C^ and U2 G t2Ct,. 



ni = (l/2)tji(ni-< + U2), 

«2 = (l/2)N^„/,„(ti)"'(«i + «^-«2) 






U2 = il/2)N~,^/,^ihr\ut-U2). 
Hence duiduidu2 = \is\~'^\'Ni^,j^^(ti)\v^dufduidu2 which implies that 

(9.21) duidu2 = \h\-'\N%^/,Sh)\~'duidu2. 

The remaining condition for •jx G Vo„ is that m{t,u) G Oy. In the coordinates 
(^1, ^2, ^3, ui, U2) we have 

m{t,u) = (l/4)t7^N~,^/,^(ti)-^[-g(ni,n2) +tlP(a:)] 

where 

Q{Ui,U2) = u\ + u\ + {ulY - 2{uiU2 + ulU2 + UiUl) . 

Thus 771 (t, m) G Oy if and only if 

(9.22) Q(Mi,n2) -tlP(x) G t2N^„/,Jti)a. 

Note that for any a & k^ we have lair = |aL^,. We claim that either 1^2 L > l^sL or 

_ _ ^ _ _ _ _ 

|^i|fc„ > l^sl^?^^- Suppose to the contrary that \i2\v < l^sko'^T^ and |ti|^^ < |t3|^g;;^, 
so that Ihli^ < miq^^- Then \ui\~^^, \u2\i^ < Ihll^;;^ and so \Q{uuU2)\i^ < Ihltq;;^- 
Also 



^2^~kWkS^^'^k ^ l^^slk l^slk < l^^sl.g; 
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So, from ( p.22| ), |t^P(x)|^ < jtal^g"^. Thus |P(x)|.„ < g^^, which is a contradiction. 
The claim follows. 

Next we claim that |ti|^ > jtsl^g"^. Suppose to the contrary that |ti|^ < jtsl^g"^. 
Then, from the previous paragraph, |t2|^ > l^al^- Dividing ( |9.22|) by t| we obtain 

Since 'Ui/t2,^i/^2 G (ti/t2)C^i; this containment implies that 
(9.23) {i^^U2f - {i^%fP{x) e i^%d,. 

Now 



m%?Pix)\~,^ > Ihlr'lhltq;' > \i2\~%h^ > \i2\r%\l^. 



Hence 



m'n2)\=m%YP{x)k. 



This implies that \u2/ts\l = \P{x)\v > q^^ and so ordfe„('U2/t3) < 0. By ( |9.23D , 

Thus \{u2/hf - P(x)|^^_ < \ii/tl\i^ < g-3 and so 1(^2^3)' - P{x)U < ?."'■ We 
may now apply Hensel's lemma to conclude that P{x) G {k^Y-, which contradicts the 
assumption that k,u{,x) 7^ fc„. Thus |ti|^ > jtal^g^^^. 

Changing variables to (ti, ^2, ts, Mi, M2) in ( |9.19D and using ( |9.20D , ( |9.21D , we obtain 

a'x,v,2j < / \h\~'^\l<ii^/^^{h)\v^d''iid''i2d''i3duidu2 
= 1v' I \^~k./kSti)\v'd''hd''i2du,du2 



where, on the domain of integration, |'U2|?; < IhU, l'"i|fc„ ^ l^ilfc„ ~ l^fc„/fc„(^i)l«' 
1^2! < 1 and l^sl^^g"^ < |ti|^ < 1. Carrying out the integration with respect to ui 
and U2 we get 



a. 



'x,v,2j 



<ql^ f Ihld'^hd^'h 



<QlHl-q-^)-' 



i>|fils„>g."'|i3lt 



<2g2^(2j + 2) 
since k^/ky is unramified. Set Bj{v) = ^ql\i + 1). Using (p.l7|) , we obtain 

-2is _ T 






]\")(iv = ^v[S) - i. 



valid for Re(s) > 1, where Ly{s) is given in the statement of the proposition. This 
completes the proof. D 
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We define 



(9.24) 



LJs) 



29qv 



2(s-l) 



21g; 



4(s-l) 



7qv 



6{s-l) 



l + 6g. 



(2-i))(i_^;;2(.-i)^4 
Sqv 



I- Qv 

-2{s-l) q -4(s-l) 



t;ea}t, 



sp; 



Ui-9'^^'^"'^)(i-?^"'^^"'^)^ 



w eOJli, 



Proposition 9.25. Lei i^^(s) be defined by l\9.24 )- Then E^^vis) ^ Ly{s) for all 
V E Vyi\ Sq and all x e V^\ The product Y\y(zisi\SQLy[s) converges absolutely and 
locally uniformly in the region Re(s) > 3/2. Moreover, if L^i^s) = Yl'^=o ^v,n(lv"''^ then 
Ivfi = 1; ^t),n > for all n and the series is convergent in the region Re(s) > 1. Thus 
Condition \6.1^ is satisfied. 



Proof. Suppose we have two series 
Li^v{s) = 1 + 

with Bij{v) > for all i and j. Then 






vjQv 



1,2, 



Li_^(s)L2,t,(s) = 1 + ^Cj{v)q^^ 



-js 



with 



i-i 



C,iv) = B,,^{v) + B2,,iv) + J2 Bi,Uv)B2,j- 



m=l 



and so if we set Ly{s) = Li^^(s)L2,t,(s) then Li_^(s) =^ Ly{s), I>2,„(s) =^ L^^s) and 
C^(w) >Ofor allj. 



We have shown that if f G OJIgp then 



'Ex,v{^v,0,s) 



Qv 



(2s-1)n-1, 



Qv 



(2s-2)\-l 



if fc^,(x) = ky and 

S.,.($.,o, s) ^ (1 - q;"^'-'Y'[^ + 29g-2(^-i) 



2ig; 



4(5-1) 



+ 7g, 



-6(s-l)i 



if fc^,(x) 7^ ky (the right hand side conies from writing Ly{s) in Proposition pl9 



over 



a common denominator). Multiplying these two gives the value of Ly{s) recorded in 
(|9.24|) . The case v G OJlm is similar. 

From their construction, the series for Ly{s) in (|9.24|) have non-negative coefficients 
and constant term 1. It follows by inspection that these series converge when Re(s) > 
1. The discussion in the first paragraph shows that E^^vis) ^ Ly{s) for all f G OJl\ S'o 
and X G V^^. Finally, it is well-known that the series ^^grrjt\5o ^^^^ ^^ absolutely and 
locally uniformly convergent in the region Re(s) > 1. The usual convergence test for 
products now shows that ni;e9[n\s'o -^^(■^) ^^^ ^^^ stated convergence properties. D 
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10. The volume of the Integral Points of the Stabilizer 

Suppose that v G 3Kf and that x G V^^ is a standard orbital representative. In 
this section we shall compute the volume of the intersection K^ H G°^ under the 



canonical measure dg'^ „ introduced in Definition p.l3| , unless v G Tidy and x has type 
(rm rm ur) or (rm rm rm). These cases, which involve additional technicalities, will 
be dealt with in |1T7| . 

As in section 0, we let A^^ ,^^ = p^". We shall use the notation for elements of the 
stabihzer introduced in section |. Note that since w,Wp G Vq^ in all cases, G^ and 
Gwp are defined over O^. The canonical measure on G"^^ is induced via the map 
^ '■ ^°xky ^ Hxk^ from the measure dt^y (we are suppressing the element g^ since it 
plays no essential role here). Now 9{Ky fl G°^^) C H^q^ and the measure of H^q^ 
under dt^^v is 1. Below we shall consider the subgroup 9{Ky nG°^^) of H^Oy in order 
to compute vol(i^^ ^C^xk )• 

Lemma 10.1. Let x = Wp with p{z) = z^ + aiz + 02 he a standard orbital repre- 
sentative. If V E OJtsp then g = (Ap(ci, rfi), Ap(c2, ^2), ^p(c3, ^3)) G G°^^ lies in K^ 
if and only if ci,C2,di,d2 G O^ and detAp{cj,dj) G O^ for j = 1,2. If v ^ OJlsp 
then g = {Ap{ci,di),Ap{c2,d2)) G G^^^ lies in K^ if and only if Ci,di G O^ and 
det Apia, di) G 0^. 

Proof. The conditions on Cj, dj and det Ap{cj, dj) which are proposed in the statement 
simply say that Ap{cj,dj) lies in the standard maximal compact subgroup in that 
factor for j = 1,2 (respectively j = 1) and so they are certainly necessary. To see 
that they are also sufficient we must show that they imply that the last entry in g 
also lies in the relevant maximal compact subgroup. But this follows immediately 



from Lemmas 13.271 and B.30|. D 



In the following, when we consider Wp we let a = {«i, 02} be the set of roots oip{z) 
as usual. Also, when ky{wp)/kv is quadratic, we denote by z/ the non-trivial element 
of Gal{ky{wp)/ky). 

Proposition 10.2. Suppose that the type of the orbit containing the standard repre- 
sentative X is on the list (sp), (in), (rm), (sp ur), (sp rm). Then vol(i^^ ^C^lkJ — ^■ 

Proof. We have to show that in every case listed above 9{Ky H G°^^) = HxOv- 
Of the triple (sp), (in), (rm) we deal with the first, since the other two are very 
similar. For this orbit p{z) = z^ — z, we have H^Ov — i'^vY and the map 9 is 
6'(Ap(ci, (ii), Ap(c2, (^2), Ap(c3, (^3)) = (ci, Ci + (ii, C2, C2 + (^2). Note that in this case we 
may choose ha = (0 1^) in (p. 21). Then computing gpSx{tx)gp^ in ( [5.2| ) explicitly for 
tx = (ci, ci + di, C2, C2 + (i2), we get the formula for 9. li h = (^1,^2,^3,^4) G H^Ov then 
9{g) = h where g = {Ap{ti,t2 — ti),Ap{t3,t4 — t3),*) and, since det Ap{ti,tj — ti) =titj, 
it follows from Lemma |10.1| that g G Ky . 

This leaves the cases (sp ur) and (sp rm). Recall that p{z) was chosen so that 
Ok^x) = Oy[ai]. We have H^o. = (^^^(x))^ and the map 9 is 

9{Ap{ci, di), Ap{c2, (^2), *) = (ci + diai, C2 + ^2"!) • 
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li h = (ti, ^2) G HxOv then ti, ^2 £ ^fc„(a') ^^"^ ^o we may find Ci, di, C2, ^2 G O^ so that 
ti = ci + diai and t2 = C2 + ^20:1. If we set g = {Ap{ci, di), Ap{c2, ^2), *) G G^f.^ then 
det Ap{cj, dj) = {cj + djai){cj + dja2) = tjf^ G O^ . Thus g & K^ and 9{g) = h. D 

Proposition 10.3. // the type of the orbit containing the standard representative 
X is (in ur) then vol{K^ n G^^J = 1. If it is (rm rm)* then vol{K^ !"• G^xfc„) = 

Proof For these cases H^ o^ = i.^vY ^"^^ ^ i^ 6{Ap{c, d), *) = {c + dai, c+da2)- Note 
that we get this formula by explicitly computing gpSx{tx)gp^ for t^ = {c+dai, c+da2) 

in ( |5.5| ). Given ti,t2 G O^ we wish to determine whether there are integers c,d & O^ 
such that 9{Ap{c, d),*) = (ti, ^2), because (ti, ^2) G 6'(-ft'„ fl G'^^J if and only if this is 
possible. Elementary linear algebra shows that 

c = {a2ti - ait2)/{a2 - ai) , d= (^2 - ti)/{a2 - «i) . 

Thus (ti, ^2) G 9{Ky ^G'^ky) if ^^^ o^ly if '^2 — «i divides t2 — i^i and 02^1 — ait2. If 
/c„ = ky{x) is unramified over fcj, then 02 — ai is a unit and this is no condition on ti 
and ^2- Thus 6'(i^t, fl G^.^^) = -f^xOi, in this case and the first claim follows. 

If ky = ky{x) is ramified over ky then (02 — Q^i) = P^" and so we must have 
ti = t2 (pi")- With this condition 

0:2^1 - ait2 = (0:2 - ai)ti + ai(ti - t2) G p^" 
and so the second condition also holds. Thus 

eiKyHGlJ = {(ti,t2) G H^o. I ti ^t2 (pf")} 

= {(tl,t2)Gif.O„ |ti = l(p^)}, 

where the isomorphism is by the measure preserving map (ti,t2) ^-^ (^1^2^^, 1^2)- Thus 
vol(i^t, I"! C^xfc„) = vol(l + p^") under the normalized multiplicative Haar measure on 
ky . The second claim follows. D 

In the remaining cases, the fields ky and ky{x) are distinct quadratic extensions of 
ky and we shall assume this to be so for the rest of this section. 

Lemma 10.4. We have e{Ky nGl^^) = dy[aiY . 

Proof. The map 6 is 6{Ap{c,d),*) = c + dai G ky{x)^ as pointed out in the proof 



of Lemma |3.30| . li k ^ Ky n G°^j^^ and k = {Ap{c,d),*) then c,d G Oy and so 
9{k) G C^[ai]. Moreover, det Ap{c,d) = 9{k)9{kY and since det Ap{c,d) G Oy and 
0^[ai] is stable under z/, it follows that 9{k) is a unit in the ring C^,[ai]. Thus 9{Ky fl 
G°fc^) C (9^[a;i]^. Suppose that c + da E Oy[ai]^ . Then c,dEOy and det Ap{c,d) = 



{c+dai){c+da2) G O^ and it follows from Lemma |10.1| that {Ap{c,d),*) G i^^flG";.^. 



This establishes the reverse inclusion. D 

Proposition 10.5. // the type of the orbit containing the standard representative x 
is (rm ur) or (in rm) then vol(-K"„ ^^^.f^J = 1. 
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Proof. If the type is (rm ur) then p{z) G k^[z] either has the form p{z) = z^ — r with 
r a non-square unit, if f ^ 9?ldy, or is an Artin-Schreier polynomial, if f G 3Jtdy. By 
hypothesis, p{z) is irreducible when regarded as an element of kv[z\. Thinking of k^ 
as the ground field, these facts imply that O-^^,^. = 0^[ai] and so 9{K^ ^ C^lkJ — 
^£(x) =H.o.^ by Lemma HI. 

If the type is (in rm) then p{z) G ky[z] is an Eisenstein polynomial and, since k^/ky 
is unramified, p{z) is still an Eisenstein polynomial when regarded as an element of 
kv[z\. Thus O-^^,^ = Oy[ai] and, again by the Lemma, 9{Kj; nC^/^J = H^q^. D 

We are left with the type (rm rm ur) with v ^ 9?ldy In this case ^^(x) = 
kv{-\/%}, y/v) where n^ is a uniformizer and 77 is a non-square unit. We may assume 
without loss of generality that k^ = k^^^/W^) and k^iyx) = k^iy^-n^ri). 

Proposition 10.6. If v & 97lf \ OJldy one? x is the standard orbital representative for 
an orbit with type (rm rm ur) then \o\{Ky fl G°^^) = (g^, + 1)~^. 

Proof. We may choose p{z) = z^ — tt^tj as the Eisenstein polynomial associated to the 
extension ky{x)/ky. Then ai = yfTQr\ and so d{Ky fl G°^^^ = C„[^vr^?7]^ by Lemma 



IU.4 Since O^ = OJ^y7f^], we have 



Oy[y/n~r]\'' = {ei + e2nyy/ri + cs^/n^ + e4,y/n~rj \ d G 0^,62,63,64 G O^} . 
On the other hand. Or , . = OJ^/rj] and so H^o,: = C>~ , , is 

f'-vy^j L V 'J " Kv\x) 

{fl + /2v^ + fsV^ + fi^/TWn I /i, . . . , /4 e 0„, /i or /2 a unit} . 
From this it is clear that 

[H,o.:e{KynGU] = qy + l 
and so the volume has the indicated value. D 

IL Orbital Volumes at the Finite Places 



In this section we compute vol(i^^x) for all standard orbital representatives, x, 
when f is a finite, non-dyadic place. When v is dyadic we compute the sum of 
\o\{Kyx) over the equivalence class of x under the relation x introduced in section |^, 
unless X has type (rm rm)*, (rm rm ur) or (rm rm rm). These cases will be treated 
in [1^. Throughout this section, v will be a finite place of k. 



Our strategy is to find a subset V of K^x, defined by congruence conditions, whose 
translates cover the orbit and then to find its stabilizer modulo a certain high power 
of the prime ideal. Since the entries of elements of V may lie in different fields we need 
a notation for congruences which takes this into account. Suppose that v ^ QJIsp. We 



use the coordinate system ( |3.10D on Vk^. If x = {xij) and y = (yij) are written with 
respect to this coordinate system then x = y (p"\p"2) means that Xjo = yio (p"^)) 
Xi2 = yi2 (pr) and Xii = yn (p"^) for i = 1, 2. If f G OJlsp then x = y (p") will signify 
congruences to the modulus pj} on all the corresponding entries of the two pairs of 
matrices. 

In addition to this, we shall require some notation from earlier sections, which we 
now briefly recall. We put 20^ = p™" (so that m^, = unless v is dyadic) and if 
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kv{x)/kv is quadratic then we put Ak^(^x)/k^, = pv''" ■ If p{z) = z^ + aiz + 02 G kv[z\ 
then a = {ai,a2} will be its set of roots. Our standard orbital representative for 
orbits with k^{x) = k^ is x = Wp with p{z) = z^ — z. However, we shall find it 
convenient to make use oi x = w instead. Note that if gp is as in ( p.l8| ) then gp G K,,, 
and so K^Wp = K^w and this substitution is permissible. So we shall use w as the 
standard orbital representative of the orbit of w. 

Since w,Wp & Gov, Gw and G^p are defined over O^. So for any j > we may 
consider G .^ /„j+i and G° ,^ , ,+1 . We may also consider the reduction a; of x mod- 

ulo p:^"*"^ and its stabilizer, C-^^, j+i. In general, G^o^/pj+i and G-^^ , i+i may not 
coincide and we have to proceed carefully. However, 6^.^^^ , j+i C G-^^^ , j+i in all 
cases. 

The following lemma describe G^q^,m\. when v G OJtsp. 

Lemma 11.1. Suppose v G SOTsp and x = Wp is a standard orbital representative. 
Then G° j+i consists of elements of the form ( p.28| ) such that 

detAp(ci,rfi),detAp(c2,rf2) G (a/pi+^)'' 
and C3,d3 G Oy/pi~^^ are related to ci,C2,di,d2 G Oy/pl^^ by ( p.29| ). Moreover, 

and the non-trivial class in G,^,^^, 3+i/G° j+i is represented by {Tp,Tp,Tp). 



Proof. We briefly sketch the proof here. The conditions in Lemma |3.27| determine the 



structure of G^ as a scheme over O^ regarding ci,di,C2,d2 as variables. Note that 
the inequalities Ap{ci, di) , Ap{c2, d2) 7^ can be regarded as equations XiAp{ci, di) = 
X2Ap{c2, c?2) = 1 after adding variables xi, X2. Then G^^^^, j+i is by definition the set 
of (C^/p:j+^)-valued points of this scheme and so the equation p.29| will be regarded 
as an equation over C„/p:j+^ and the above inequalities, after reduction modulo p^"*"^, 
can be regarded as the condition that Ap{ci, di), Ap{c2, 6^2) are units. Since (r^, Tp, Tp) 
is defined over O^, this proves the lemma. D 



Similarly, the following lemma follows from Lemma 3.30 and we will not give a 
proof. 

Lemma 11.2. Suppose v ^ DTlgp and x = Wp is a standard orbital representative. 
Then G^^^^, j+i consists of elements of the form ( p.31| ) such that det y4p(ci, t/i) G 

{Oj,/pi'^^)^ or (O^/pv )^ , according as k^/ky is ramified or unramified, and 02, ^2 G 
Ojpi+^ are related to Ci,di G djpi+^ or dj0^^^^ by ( p:32[) . Moreover, 

and the non-trivial class in G ^ /o^+^/G° „ j+i is represented by {Tp,Tp). 

Definition 11.3. For x = (xi,X2) G V^^,^+i let Span(a;) be the C„/p:j"'"^-module 
generated by Xi and X2. 

The following simple observation will be useful below. We will usually apply it 
with X being the reduction modulo pl'^^ of a standard orbital representative. 
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Lemma 11.4. Let v G OJtsp. Given gi,g2 G GL(2)^ /b^+^' there exists an element 
gs e GL(2)0^/p,+i such that {gi, g2, gs) e G'^o„/pj+i if and only if Span{{gi, g2,l)x) = 
Span(x). Similarly, let v ^ 9?lsp- Given gi G GL(2)^^,~j+i or GL(2)g i~2u+i), ac- 
cording as V E 97lin or v G OTlrm; there exists (72 ^ ^^(2)^^ , j+i such that ((71, (72) G 
G^0^ , i+i if and only if Spa.n{{gi, l)x) = Span(a;). 

Before continuing, we would like to mention a simple fact which we shall have to 
use frequently below. If t> is a finite, non-dyadic place of k and v ^ DJisp then any class 
in Oy/pi which is fixed by a has a representative which lies in O^. To see this, simply 
observe that if u G C„ represents such a class then u" = u {pD and so u' = ^{u + u") 
satisfies u' = u {pi) and u' G Oy. Of course, the corresponding claim when i; is a 
dyadic place is false. 

Proposition 11.5. If ky{x)/ky is not ramified then G-^ , j+i = G^^ /b^+^- 

Proof. We first consider the case x = w. Suppose v G 9Jtsp. Let g = {gi,g2,g3) G 
G^0^ , j+i be as in (|3.8| ) where the entries are elements of Oy/pl'^^. By computation. 



{gi,g2,l)w 



f f 91119211 fi'lllfl'22l\ f 9ll2g212 5'1125'222\ 
\\5'l2l5'211 gi2ig22lj ' \5'1225'212 5'l225'222/ 



Since Spa.n{{gi,g2,l)w) = Span(u'), 

5'lll5'221 = 5'l2lfi'211 = 5'1125'222 = fi'l22fi'212 = 0. 

If gill is a unit then (7221 = 0. Thus 5'2ii,5'222 are units. So gii2 = gui = 0. This 
implies gi22 is a unit and so (7212 = 0. If 5^111 is not a unit, gui must be a unit. 
By a similar argument, we can conclude that gm = (7122 = (7211 = fl'222 = and 
5'ii2,5'i2i,5'2i2,5'22i are units. Multiplying by an element of G,j,^^,j+i if necessary, we 
may assume that (7i = (72 = 1- Then it is easy to see that g^ = 1. It follows that 

<^«,o„/pj+i = GwOjpi+^- '^^^ ^^^^ ^ ^ ^«P i^ similar. 

We now assume ky{x)/ky is quadratic and unramified. Suppose v G 93Tsp- Let 
5' = (91,92,93) e G-^^/pj+i. We choose representatives oi gi,g2,g3 in GL(2)c,„ and 
use the same notation. Since ky{x)/ky is unramified, if c, rf G Oy, c + dai is a unit 
if and only if either c or d is a unit. The (1, l)-entry of Ap{ci, di)gi is Cigm — digi2i 
and the (1, 2)-entry is Cjf7ji2 — (iif7j22- Since either gii2 or gi22 is a unit, we may choose 
Cj = f7i22 and di = gtu to make the (l,2)-entry of Ap{ci,di)gi zero. Replacing gi by 
an element of the form {Ap{ci, di) , Ap{c2, d2) , Api^c-s, d3))g (with 03,^3 determined by 
Ci, C2, (ii, ^2)5 we may assume that 

If x = Wp and y = (^^'^ H) , y E Span(x) if and only if yi = y^ and I/2 — aiZ/i + fl2Z/o = 0. 
By computation, {gi,g2, i)x = (Mi, M2) where 

M =(^ ^2 

^ V^l aitit2 + t2Ui + tiU2 

(n.7) ; 

^ laiti+Mi U1U2 + ai(t2Ui + tiU2) + (af - a2)titr 
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Therefore ti = t2, ui = U2, and 

(11.8) ai(ti - 1) + 2ui = 0, ul + ai(2ti - l)ni + al{tl - ti) + 02(1 - tj) = 0. 

If V is not dyadic, ai = 0. So ui = t^ — 1 = 0. Then gi,g2 are both the identity 
matrix or both —Tp. If v is dyadic, p is an Artin-Schreier polynomial. This means 
ai = — 1 and 02 is a unit. By the first condition of ( |11.8| ), ti = 2ui + 1. Substituting 



in the second condition and simplifying, (4a2 — 1)(mi + mi) = 0. Since 4a2 — 1 is a 
unit, ul + Ui = 0. If til is a unit, Mi = —1, and if Ui is not a unit, Ui = 0. Note 
that this argument is valid in O^/pi^^^ (even though it is not a field). If ui = —1 
then ti = —1 and gi,g2 are both —Tp. If mi = then ti = 1 and gi,g2 = 1- Then 
since (-1, -1, 1), (rp, r^, r^) G G^o^/pj+i, {-Tp,-Tp,Tp) e G^„^/^+i. This proves the 
proposition when v G OJlgp. 

Suppose now that v ^ 97lsp- Let (7 = {gi,g2) ^ ^xC'„/p^+^ ^^ ^^ ^^ ( p.8|) where 
entries of g2 are in Ct,/p:j''"^ and entries of gi are in Oy/pi^^ or C„/p,; , according 
as f G OJtin or OJtrm- We first show that the right G^^^^ / j+i-coset of g contains an 
element of the form 

(11.9) ''^ ° 



If f G OJlrm, roots of ^(2;) still generates the unique unramified quadratic extension of 
k^ and so an element Ci + diai with Ci,di G C^, is a unit if and only if ci or di is a 
unit. We choose Ci = (7122, c^i = gii2- Then either ci or di is a unit. So there exist 
C2,d2 G Oy such that (74p(ci, di), 74p(c2, ^2)) G G^^^, j+i. Multiplying this element 
by g, we may assume that gu2 = 0. 

If f G OJtin then ky{x) = ky is unramified over fc„. Note that p{z) is irreducible 
modulo p„ by assumption. Therefore, x G Vff^, . Since Oi,/pi, is a perfect field, one 
can use the same argument as in Proposition (2. 10) (2) [|16|, p. 323 to determine the 
stabilizer G^o^/p^- So the proposition is true if j = 0. 

By the previous step, we can multiply g by an element of G^Ov/pv ^o assume 
that 5'ii2,5'i2i G Pv Let Ci = gi22,di = gn2. Then ci G O^ and rfi G p^,. So 
ci — diOi = ci — dia2 = ci (pt,). Therefore, there exist 02,^2 G C?^ such that 
{Ap{ci,di),Ap{c2,d2)) G G'2:C'i,/p^+^- Multiplying g by this element, we may assume 
fi'112 = 0. 

In both cases, ^'112 = and so 5'iii,(7i22 ^ O^ . Multiplying by an element of the 
form {Ap{ci,0),Ap{c2,d2)) G G^^^, 3+1, we may further assume that gni = 1- 

This done, {gi, l)wp is given by ( |11.71 ) with ^2,^2 replaced by t^,ul. Therefore, by 
the same argument, ti = t^, u" = Ui, and the condition (|11.8| ) holds also. After this, 
the argument is the same as in the case v G 9?lsp- CH 

Definition 11.10. Let x denote any of the standard orbital representatives. In each 
of the cases enumerated below, we define V to be the set of y G Vo^ such that 
y ^ X (p"^,p"2) if f ^ Tlgp or y = X (p") if f G 93Tsp, where rii, n2 and n are as 
indicated. 

(1) n = 2m^ + 1 if X has type (sp) or (sp ur), 

(2) ra = 2 if X has type (sp rm) and v ^ OJtdy, 

(3) rii = n2 = 2r?7,j, + 1 if x has type (in) or (in ur). 
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(4) rii = n2 = 2 a X has type (in rm) and v ^ OJtdy, 

(5) rii = 2in^ + 1, ^2 = 4mt, + 2 if x has type (rm) or (rm ur), 

(6) 111 = 2, n2 = 4: ii X has type (rm rm)* or (rm rm ur) and v ^ DJldy 



Proposition 11.11. Let x have one of the types enumerated in Definition 11. IQ and 
T> be the corresponding set. If y eT) then ky{y) = kv{x). 

Proof. By the choice of orbital representatives, P{x) is a unit when ky{x)/ky is not 
ramified (including the case k^i^x) = k^) and {P{x)) = p/'" when ky{x)/ky is ramified. 
In cases (1), (3) and (5), we have P{y) = P{x) {pf^"^"'^^) and P{x) is a unit. This 
congruence may be rewritten as P{y)/P{x) = 1 (p^™""*"^). By Hensel's lemma, a unit 
is a square if and only if it is a square modulo pf,^"^^. Note that this is true whether 
or not V is dyadic. So P{y)/P{x) is a square. This implies that ky{y) = ky{x) in all 
these cases. 

In case (2), the condition implies that P{y) = P{x) [pi) and hence that we have 
P{y)/P{x) = 1 (p^), which again implies that kj;{y) = ky{x), since v is not dyadic. 
The same argument works for case (4) because plnO^ = pi in this case. 

In case (6), the assumption implies that P{y) = P{x) (p^) and ordfc„(P(x)) = 1. 
So P{y)P{x)^^ = 1 (pv). Since v is not dyadic, P{y)P{x)^^ E {k^Y- Therefore, 
kv{y) = ky{x). U 



Proposition 11.12. Let x have one of the types enumerated in Definition 11. IQ and 
T> he the corresponding set. Then T> C K-^x. 



Proof. We first deal with (l)-(5) in Definition |11.10| . For every one of these orbit 
types, we showed in section |] that there exists an omega set for x. Suppose that 
y E v. Then k^i^y) = kv{x) and so y E Gk^x. Since y is also integral, it follows 
from the first property of omega sets that y E VL^^vX. That is, y = gx for some 
g E flx,v We have seen above that the congruence conditions on y also imply that 
\P{y)\v = |-P(3;)|t) and so g eQI^ = K^. This proves the claim for (l)-(5). 
Consider case (6). Let 

G{^1) = {geKy\g,^l (p^), g2 ^ 1 (p^)}. 

Then Gijil) fixes the set V. Consider the usual coordinates y = (yij) as in ( |3.10| ). 
Since ?/2o = 1 {pD^ i^i'^iU'ioA)) ^ G{nl,). Applying this element, we may assume 
that 2/20 = 1- Since yio = (p^), (l,*n(— yio)) E G{ttI). Applying this element, we 
may assume that yio = 0. Since yu = 1 (p^), {a{y^^, 1),1) E G{7i'^,). Applying this 
element, we may assume that yn = 1. Since we are assuming v ^ 9Jldy, we chose p 
so that Oi = 0. So yi2 = (p^). So by a similar argument, we may assume yu = 0. 
Also ?/2i = (p^) and 1/22 = — ^2 (p^)- We may assume that A;^ = ^^(y^). Let 
Z/21 = 7r^(c + (iy^) where c,d E O^. Then (n(— (i7r^A/7r^),n(— vr^c)) E Gijil). Note 
that Trfc„/fc„(— (ivr^y^) = 0. So applying this element, we may assume that ^21 = 0. 
Then —y22(h.^ = 1 (p^;)- So —y220'2^ = ^^ with t E O^ by Hensel's lemma. Applying 
(a(l, t~^), a(t, 1)), we get 2/22 = -02- □ 

Proposition 11.13. (1) Ifx has type (sp) thenvo\{Kyx) = {l/2){l+q-^){l-q-^y. 
(2) Ifx has type (sp ur) then vol{KyX) = (1/2) (1 - q-^f{l - q~^). 
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(3) If X has type (in) or (in ur) then vol(i^„x) = (1/2) (1 — q^^){l — Qy^)- 

(4) If X has type (rm) then vol{Kyx) = (1/2) (1 — g~^)^. 

(5) If X has type (rm ur) then vol^K^x) = (1/2)(1 — g~^)^(l — g^^). 

Proof. Let j = 2mj, in all cases. Then vo\{Kyx) = vo\(V)^(^G ^^ , j+i / G -^^, j+i) . By 
Propositioning, G-^^/pj+i = G^o^/pj+i- 

Consider (1). In this case, G\^ , ,+i ^ ((C^/p^^+^)^)^ So its order is ((g^, - l)g^)^ 

a; CJv /pv 

Therefore, 

vol(ir.x) = g;«(^-+^) • ^'"~r^'l';~/]'!'^^" = (1/2)(1 + g.-^)(l - g;^)^ • 

2wi) -Lj (gDJ 

Consider (2) and (3). Let p^^ C Ofc„(2:) be the prime ideal. In both cases, G° j+i = 

{{O^/pi+^y, and #(Ox/p^) = g^. So its order is ((g^ - l)q^^y. Therefore,"in case 

(2), 

.o\{Kyx) = g;«(^+^) . ^'':'f^';~\^y^" = (i/2)(i - g.-^)^(i - g.-^) • 

In case (3), 

^ '^ " '^ ■ 2(g„^ - mg^^y 

= (l/2)(l-g;i)(l-g-^). 

,,^ ,,;2(i+l)^x^2 
1 — KK'^v/i 

its order is ((g^ — l)g^''^"'^)^. Therefore, 



Consider (4). In this case, G°^ , ,+, ^ ((a/p'^^^ T)^ and #(a/p^,) = Qv So 

X CJy / Pv 



vol(A» = ,-««' . ^-"f^-'^^SD'^' = ( 1/2)(1 - C¥ . 



rs-; 



72 _ nA^fn'^ - l)2(g2i+l)4^^i^4 

2(g. - inS^ 

Consider (5). Let p^^ C Ok^M be the prime ideal. In this case, G° j+i — 
(OJpI^^+^^)^ and #(Cx/px) = ql So its order is (g^ - l)ql^^^^^\ Therefore, 

vol(ir.x) = g.-«(^-+^) • ^'^' ~ t!?^' 7v ^Sl'iT?'^'^^' = (V2)(l - q^ni ' %') ■ 

2(g^ i)(gt' ) 

n 

Proposition 11.14. (1) Suppose that x has type (sp rm) and that v ^ DJldy Then 

vo\{K,x) = {l/2)q~\l - g-i)(l - q~'f . 
(2) Suppose that x has type (in rm) and that v ^ Tidy Then 

vo\{KyX) = {l/2)q;\l - g;i)(l - q;'){l - q-') . 

Proof. We prove that [G^Ov/pl '■ ^lo^/p'^l ~ '^1'"- ^^^ P^^) ~ z^ + aiz + a2 be the 
Eisenstein polynomial corresponding to x. Since v is not dyadic, we assume ai = 0. 
Consider (1). Elements of the form (Ap(ci, di), Ap{c2, c?2), ^p(c3, d^)) are in G°^^^, 2 
if and only if cf + a2d\,c\ + 02^2 G (O^/p^)^ (see Lemma p.l.l|) . So the order of 
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G^-Q^iyP is {qv — ^)<il- Since 02 G pt,, this is equivalent to Ci,C2 G (0„/p^)^. Suppose 
fi' = (91,92,93) G Gaso^/pg. Since F^(f) reduces to t;^ modulo p^,, 5-321 G p,;/p^. 
Let X = (xi,X2). Then ((yfi, (72, l)a;2 is a unit scalar multiple of X2 modulo p^,. By 
computation, 



\fl'l2lfi'212 91219222J 



So (7111,(7211 are units. By a similar argument as in the proof of Proposition |11.5| , 
9x21,9221 G pt,/p^. This implies that 5-122, 5'222 are units. Since 

* Ci5ii2 - digi22 



for i = 1,2, the right coset G^^^, 29 contains an element g = ((71,(72,(73) where (71,52 
are in the form (|11.6|) . Moreover, it is easy to see that ^1,^2,^1,^2 are determined 
by the coset G°^^ /„25- We use Lemma |1L4| to determine the possibilities for 5. By 



computation, 

t2 \ f I U2 



\9i,92, )x ^ ^ ^^ tiU2 + t2UiJ ' \ui Min2 - 02^1^2 

The condition Span((5i,52, l)x) = Span(x) is equivalent to the condition that ti = 
^2, Wi = U2, tiU2+t2Ui = 0, and UiU2—a2tit2 = —02- Since v is not dyadic, Mi = U2 = 
and 02(^^ — 1) = 0. Therefore, ti = ±1 (p^,). So there are 2gj, possibilities for ti modulo 
p2. This proves that [G^o./p't ■ Gla^/^i] = 2q^- 

In case (2), by a similar argument as in case (1), we can assume that 51 is in the 
form (|11.6| ) with ti unit and Mi G O^/pl. Note that the order of G"^^ , 2 is (g^ — l)g^ 



in this case. By the same consideration, we get ti = t1,ui = u^, and the rest of the 
conditions turn out to be the same. Since plnO^ = pi, there are 2g„ possibilities for 
ti. So [Gso,./pi '■ ^xO„/p2] = 2g^ in this case also. 

Since the volume of V in Definition |11.10| (2) is q~^^, if f G DJlgp, 

i/r^ \ -16 [Qv ^ Qv) Wi, ~ J-J q /I /o\ -1/1 -l\/i -2\3 

vo\{K^x)=q^ — // _ ^N 3N2 — = (V2)g^ (1-g^ ){^-(iv ) 



and a V E ^m, 

vo\{K^x) = q7. 



-16 (Qt - Qv)i<lt - ^)QviQv - (iv){ql - ^)qt 



2qM - ^K 

iimq;\i-q;'){i-q;'){i-q;'). 



n 



Next we assume that v is dyadic and that x has type (sp rm) or (in rm). As 
explained in section |^, we shall compute the sum of vol(ii'^x) over the equivalence 
class of X under the relation x. For these orbits, this amounts to summing vo\{Kyx) 
over all x having a given value of 6x,v Let x be coordinatized as in (p.9|) or (p.lO|) . If 
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V e OJlsp then F^^v) = ao{x)vf + ai{x)viV2 + a2{x)v2 where 
O'oix) = Xii2a;i2i — a;iiiXi22, 

(11.15) ai{x) = X112X221 + a;i2iX2i2 - 0:111X222 - a;i22a;2ii, 
02 (x) = X2i2a;22i - a;2iia;222 • 

If f ^ Tlsp then F^(f) = aQ{x)vf + ai(x)fif2 + a2(x)f2 where 

ao{x) =N^^/^,Jxii) -X10X12, 

(11.16) ai(x) = Tr^^/^^(xiiX2i) - X10X22 - a;i2X2o, 

a2{x) =N^^/^^(x2i) -X2oa;22. 

Definition 11.17. (1) If f G DJlgp then we define P^ for £ = 1, . . . , m^ + 1 to be the 
set of X such that 

3^112,3^121,3^211 £ O.^ , X122, 3:212, 3:221 G pt,, 

ordfc„(x222) = 1, ordfc,(ai(x)) <^ -f ^ ~ '" , 1 

I > m^ + 1 it I = TUy + 1. 

(2) If t> G DJlin then we define Ve ior i = 1, . . . , niy + 1 to be the set of x such that 

xii G Oy, X20 e C^, X12 G pi,,X2i G p,;, 

ordfc,(x22) = 1, ordfc„(ai(x)) <^ -f /< ~ '^ , 1 

I > rriy + 1 it I = rriy + 1. 

Proposition 11.18. (1) If v e Tl^p then 

^ g-3(i _ g-i)4g-(-"+i) ,/£ = rn, + 1 . 
(2) Ifv GOTlin t/ien 

q-\l - q-')\\ - g-2)g.-('""-^') z/£ = m. + 1 . 



VOI(I),) - -^ __3 ^_n4 -(m.+l) 



Proof. Suppose 1; G OJtsp. It is easy to see that if x G Vq^ satisfies all the conditions in 
Definition |11.17| (1) except for the last condition, then ao(x) G O^ and ordfc^(a2(x)) = 
1. Suppose 

3:1123:221 + 3:121X212 - 3:1223:211 = eiTT^ H h e^TT^ H , 



where Cj is a unit or zero for all j (see 1.4, Corollary 2 in P3[, p. 14). Let X222 = tt^jXj 



"222 



where X222 £ C>^ . Then by (|11.15|) , ai(x) satisfies the condition in Definition |1 1 . 17| (1) 
if and only if Xm has an expansion of the form 

3^111 = (3:222)~^(ei H h e£_i7r^"^ + /tt^"^ H ) 

such that f ^ Ci (p^,) if £ < rriy (and no condition on / if £ = m^ + 1). If ^ < ttl^j, 
the volume of the set of such Xm is (g^, — l)q~^ = (1 ~ (lv^)lv^~^^ ii i < rriy and g"™" 
a i = m^ + 1. The volumes of the sets of X112, X121, X211 are 1 — g~^, the volumes of 
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the sets of X122, 2:212, 2:221 are q~^, and the volume of the set of 0:222 is 9^^(1 — Qv^)- 
Therefore, 

vol(A) = (1 - g. ) g. g. (1 - g. ) X |^_^ if ^ = ^, + 1. 

Simphfying, we get (1). 

If t; G QJlin, similar considerations apply to Xio as to Xm in the case v G QJlgp. The 
volumes of the sets of Xii,X2o are 1 — q~^ and 1 — q~^, respectively, the volumes of 
the sets of 0:12, 0:21 are g~^ and g~\ respectively, and the volume of the set of 0:22 is 
g~^(l — q^^)- Therefore, 

^rT> \ /I -2\/i -i\ -2 -1 -1/1 -i\ ,, J V ^'u jgi) 11 t < rriy, 

vol(P,) = (1 - g,. ) (1 - g„ )g, q^, g. (1 - g,„ ) x |^_^ if £ = ^„ + 1. 

Simplifying, we get (2). D 

We employ coordinates on G as in (|3.8|) . If t; G DJlgp then we define 

^1 = {5' e i^^, I fi'l21,fi'221,fl'321 e p^}, 

(11 19) _ 

Hi = {ge (GL(2)o„/pj3 | g^^^ = ^^21 = ^321 = 0} 

and if w G 97lin then we define 

H2 = {g e K\ 5-121 G p^, 5-221 e p J, 
11.20 _ 

H2 = {9e GL(2)g^/~^ X GL(2)o„/p,„ | 5121 = 0, 5221 = 0} . 

Note that 

(11.21) #(K./i/i) = ifiGo./pjHi) = ^^' 7 ^^!^1~3^^^' = (^'^ + 1)' 

(g;! - i)(g^ - g^)(g^ - i)(g^ - g^.) 



and 



#(ir,/ff2) = HGo./,jH, 



:il.22) " ^"'" "" " ''"-^"^' "'' {ql - l?ql{q. ' 1)^9. 

= (g' + i)(g. + i)- 

Lemma 11.23. (1) If v E OJlgp and g E Hi then gVi = V^. 
(2) Ifv^ 9Hsp and g e H2 then gVe = Ve. 

Proof. A simple, direct calculation shows that elements of Hi and H2 preserve all 
the conditions for membership in T>£, with the possible exception of the last. Con- 
sider (1) and suppose that y = gx with g E Hi and x G Vg. Then Fy{v) = 
det(f7i) det(f72)-^x(wfi'3) and so ai(y) is equal to 

det(5fi) det(5f2)(ai(x) [5-3115-322 + 53215312] + 200(^)53115321 + 202(^)53125322) • 

We must investigate the order of this number. Since det(5i) and det(52) are units, they 
may be ignored. Both 5311 and 5322 are units and, since 5321 G p^, 53115322 + 53215312 
is also a unit. Thus the order of ai(x) [53115322 + 53215312] equals i ii i < m^ and is 
greater than or equal to m^ + 1 if £ = m^ + 1. Also, ordfc„(2ao(a:)53ii532i) > m^ + 1 
and ordfc^ (202(^)53125322) > ""^j; + 1, in the first case because 5321 G p^, and in the 
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second because a2{x) G p^,. It follows that the order of ai(y) is £ if £ < m^ and is 
greater than or equal to m^, + 1 if ^ = rriy + 1. Thus y G V^, as required. Similar 
arguments apply in case (2). D 

Proposition 11.24. (1) Suppose v G DJlgp is dyadic. Then 

Y^ vo\{Kx) = (1 - q-^il - q;')%', 

2<5x,v=2i<2mv 

Y, vol(ir.x) = (1 - g-i)(l - q-'fq-^-^^'\ 

5a;,,;=2m„+l 

(2) Suppose V G 93Tin is dyadic. Then 

J2 vol(K.x) = (1 - g-i)2(l - g;^)(l - g-^)g-^ 

52!,u=2£<2rrai, 

5^ vol(i^.a;) = (1 - q;')il - g;2)(l - q;')q;^'-^-''\ 

Proof. Consider (1). We first show that T>£ C U^K^jX, where x runs through the 
standard orbital representatives for the orbits of type (sp rm) whose corresponding 
fields have a fixed discriminant. As in the statement, the discriminant is related to £ 
hy i = [|((^s,v + l)J- By construction, iiy EVg then \P{y)\y = qv ""'" and so if a; is the 
standard representative for the orbit corresponding to k^ijj) then |P(y)|^ = |P(x)|^. 
Since y G Cfc^xfl Vo^, the theory of omega sets implies that there exists g G VL^^v such 
that y = gx. But then |x(5')|d = 1 and so g eQI^ = K^. That is, y G K^x. 

Each one of the standard orbital representatives itself lies in Vi and so the K„- 
translates of T>i cover UxK^x. In order to find the volume of [JxK^x it remains to 
determine the number of distinct /f^-translates of V^. Suppose that g E K^ and 
gVi n P^ 7^ 0; say x,y G Ve and y = gx. We shall show that g E Hi. Since 
Fx{v),Fy{v) both reduce to unit scalar multiples of vf modulo p^, the assumption 
implies that (7321 G p„. Since (1, l,g3) G Hi, we may assume g^ = 1. Let x = {xijkj 
and X = ixijk) be the reduction of x modulo p„. We define (jijk, y similarly. Then 



\ ' \f7l21^212 ^121^222/ 



Since (7212 7^ or (7222 7^ 0, gi2i = 0. This implies that gm 7^ and therefore (7221 = 0. 
Thus g E Hi, a.s claimed. 



It follows from this and Lemma [11. 23| that two i^^-translates oiVi are either disjoint 
or equal and that the number of them is ^{K^/Hi) = (g^ + 1)^ by ( |11.21| ). Using 
Proposition |11.18|, the result follows. Similar arguments apply to prove the formula 



in case (2). D 

Proposition 11.25. If v is not dyadic and x has type (rm rm ur) or (rm rm)* then 

yoKKx) = {l/2)q;\l - q;'){l - q-'f . 

Proof. Consider T> in Definition |11.10| (6). Obviously vol(P) = g~^^. In both cases, 
G°Q I 2 consists of elements of the form {Ap[c,d),*) where c G (O^/p^)^, d G O^/p^. 

So iGlo./,i = (?. - ^H- 
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We show that {G^o^i^l ■ G'xo^/pa] = 2g^. Suppose g e G^ajpl- We consider 
the coordinates (|3.8|) again. Since Fx{v) is a unit scalar multiple of vl modulo p„, 
(7221 = ipv)- Then since (71(00) ^gl is a unit scalar multiple of (J q), (7121 = (p^). 
So Oiii, 0122, 5211, 5222 are units. This implies that the right G°.^ ,„2-coset of o contains 
an element of the form ((„?),*)• We use Lemma |11.4| again. By computation, 



1 X 



So t = t'',u = u'',2tu = 0, and a2(t^ - 1) - u^ = 0. Since v ^ Tl^y, u = 0, and 
t = ±1 (pt,). Since t e (O^/p^)^, there are 2q^ possibilities for t. Therefore, in both 
cases, 

vol(A^x)=g^ — -— = {l/2)q^, (1 - <?„ )(l-9t, ) • 



2(g. - l)g.« 



D 



12. Computation of 6^.,^ at the infinite places 
In this section we shall compute the constants bx,v when v is an infinite place of k. 



By Proposition |5.23| , we know that we are free to make use of any orbital representative 
to carry out this calculation and we shall take advantage of this freedom to simplify 
our task as much as possible. In the proof of each of the four propositions in this 
section we shall have to calculate the 8x8 Jacobian determinant associated with the 
map g h^ gx in some coordinate system. Each of these calculations was carried out 



using the Maple computer algebra package [Q . 

Before we begin, we recall a fact about the Haar measure on GL(2)ir where F = M. 
or C. As is usual, we shall take Lebesgue measure to be the standard measure on 
the real numbers and twice Lebesgue measure to be the standard measure on the 
complex numbers, li g = { all all ) then dfi{g) = dan dai2 da2i da22/\ det{g)\p defines 
a Haar measure on GL(2)^ and it is well known that if dg denotes our standard choice 
of Haar measure on this group then dg = pp dfi{g) where pp = 1/vr if F = M and 
Pp = 1/27T ii F = C For example if F = M, using the usual paramatrization of each 
factor of the Iwasawa decomposition, all one has to do is to find the Jacobian of the 
map 0(2) X Tk X A^k — > G^ and the degree of this covering and this can be done 
easily. When F = ky we shall use the notation p^ in place of pp. We shall refer to 
dfi{g) as the coordinate measure on GL(2)i7'. 

Proposition 12.1. Let v G OJtoo and suppose that x is a representative for the orbit 
of type (sp). Then 

'^ iiveTl^, 

Proof. As noted above, it suffices to compute br,.^^ where x = w, the element introduced 
in (|3.16| ). Let d^^ be the product of the coordinate measures on each of the three 
factors of Gk^ so that dgy = pi d^y{g). 

Let B denote the set of {gi,g2,g3) £ Gk^ such that gi and g2 lie in the big Bruhat 
cell. Then B is dense in Gk^ and it is on this set that we shall carry out the comparison 
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of measures. Any element g oi B may be written as 

(12.2) g = Cn{ui)n{yi)a{tu,ti2),^n{u2)n{y2)a{t2i,t22),g3ait^it2i, 1^2^22)) 

with (73 = (021 022 ) ^^^d when g is written in this form, Mj, i/i and aij for i,j = 1,2 
may be regarded as coordinates on GkJGli^^. Note that the map 

kl X (k^)'^ 3 {u.yMM) -^ 'n{u)n{y)a{tiM) e GL(2)fe„ 

is injective. With respect to these coordinates, the Jacobian determinant of the map 
(yf I— > (yfx is found to be | det(5'3)|^. Note that this map is a double cover because [G^kv '■ 
G°.fcJ = 2. Since P{gx) = x{9)P{x) = det{g3fP{x) and P{x) = 1, it follows that the 
pullback of the measure dy/\P{y)\l to Gk^/Glf.^ is dg'^ v — 2 '^'"1 '^^1 ^'^'^ '^^2 dii2,,v{.gz)) 
where d^^^^lg^) denotes the coordinate measure on the third factor. (The measure 
has been divided by 2 because the map g h^ gx is a double cover and, in ( |5.19| ), the 
measure dg'^^ was defined via an integral over V^^.) In (|12.2|), tij may be regarded 



as coordinates on G"^^ and as such dg".^ = Hj 1=1 2 '^^«i/l^«ik- ^^ follows from the 
definition and the remarks above that dfi^^g) = P^^b^^vdg'^^dg"^ and so all that 
remains is for us to determine the relationship between the coordinate measure and 
the measure dudydti dt2/\tit2\v on the big cell inside GL(2) when it is coordinatized 
as ^n{u)n{y)a{ti,t2)- A simple Jacobian calculation shows that in fact these two 
measures are equal. This gives \p~^hx,v = 1 or equivalently hx,v = 2p^. Using the 
remarks before the proof, this gives the stated values. D 

Proposition 12.3. Let v G Wl^ and suppose that x is a representative for the orbit 
of type (rm) . Then 

h - ^ 

Proof. We shall again use x = w as the orbital representative. Let v be the complex 
place of k which divides v. Let dfiy be the product of the coordinate measures on the 
two factors of Gk^ so that dg^ = pr^p^ dfiv{g). 

We let B denote the set of {gi,g2) G Gk^ such that gi lies in the big Bruhat cell. 
An element of B may be written as 

(12.4) g = (*n(M)n(|/)a(ti,t2),^2a(N^^/,^(ti)-\N^,/,,(t2)-')) 

with g2 = {all all ) ^iid when g is written in this form, u, y and a^, i,j = 1, 2 may 
be regarded as coordinates on Gk^/G°^f,^. With respect to the real coordinates Re(M), 
Im(M), Re(|/), Im(|/), a^j, the Jacobian determinant of the map g ^^ gx is found to be 
4| det(5'2) 1^- Since the map is a double cover, P{g-x) = det(5'2)^ and the canonical mea- 
sures du and dy are du = 2dlie{u) dlm.{u) and dy = 2dR,e{y) dlm{y), it follows that 
the pullback of the measure dy/\P{y)\l to Gk^/G°^^^ is dg'^^ = | du dy dfi2,v{g2) , where 
dfi2,v{g2) denotes the coordinate measure on the second factor. In (|12.4|) , tj may be 
regarded as coordinates on G^f^^ and as such dg",^ = Y[j=i2^^j/\'^jU- ^^ follows from 
the definition and the remarks above that dfj,y{g) = p^^Py^bx^ydg'^^dg".^ and since 
the coordinate measure restricted to the big cell inside GL(2)^_ is dudydti dt2/\tit2\y, 
we have bx,y = ^p^py. D 
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Proposition 12.5. Suppose that v G 971k o,nd that x is a representative for the orbit 
of type (sp rm). Then 

b - ^ 

Proof. We shall use x = Wp, where p{z) = z^ + 1, as the orbital representative for 
this orbit. The roots of p are ±y/—l. Let Ap{c, d) be as in (|3.26|) . As we discussed in 



Lemma |3.27| , any g G G^f.^ has the form g = {Ap{ci, di), Ap{c2, ^2), Ap{cs, d^)) where 



_ C1C2 - did2 -(ci(i2 + C2di] 

3 7 9 , t9\ / 9 ', 79 \ ) '^3 



{ci + di){ci + diy ' (ci + di){ci + di)- 

The isomorphism 9 from G°^^ to H^k^ = (C^)^ may be taken as 

9{Ap{ci, di), Ap{c2, d2), Ap{c3, d^)) = (ci + V^di, C2 + V^d2). 

Recalling that the canonical measure on C^ is dz/\z\c where dz is twice Lebesgue 
measure, we see that 



■') 



dg'L 



4 dci ddi dc2 dd2 



For any r and any k, G S0(2) we may find c and d such that a{r,r)K, = Ap{c,d) 
and it follows from this and the Iwasawa decomposition that any g G GL(2)k may be 
expressed as g = n{u)a{l, t)Ap{c, d). Thus any g G G^^ may be expressed as 

g = {n{ui)a{l,ti)Ap{ci,di),n{u2)a{l,t2)Ap{c2,d2),g3Ap{c3,d3)) 

where g^ = ( all all )• Then aij, tj and Uj, i,j = 1,2 may be regarded as coordinates on 
Gk^/Gli^^. With respect to these coordinates, the Jacobian determinant of the map 
g \-^ gx is found to be 4|tft2 det((y'3)^|j,. Since the map is a double cover, P{gx) = 
x{g)P{x) = t^tg det((73)^P(x) and P{x) = —4 this shows that the pullback of the 
measure dy/\P{y)\l to G/G"^^ is 

, dui dti du2 dt2 , , s 

^9x,v = ^TTsT^ 0/^3,^(^3) 

0\lll2\v 

where dfis^^lgs) is the coordinate measure on the third factor. An easy Jacobian 
calculation shows that ii g = n{u)a{l,t)Ap{c,d) then the coordinate measure is 
dudtdcdd/\t'^\y{c'^ + d'^) and so, with dfi^ denoting the product of the coordinate mea- 
sures on the three factors, dfiy = 2 dg'^.^ dg^^^. Since dg^ = pi dfi^{g) = 2pl dg'^,^ dg'^,v^ 
it follows that bx,v = 2p^. D 

Proposition 12.6. Suppose that v G SOTr and that x is a representative for the orbit 
of type (rm rm) * . Then 

h — 1 

Proof. We again use x = Wp, where p{z) = z^ + 1, as the orbital representative. We 
let V be the complex place of k dividing v. With Ap{c, d) as in ( |3.26| ) and 

_ |ci|c — |ai|c , — (ciCti + Cidi) 

C2 — I 9 , — W\ — 1 "2 



\cl + dl\, ' ^ \cl + dl\ 
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any element of G^f.^ has the form g = {Ap{ci, di), Ap{ci, ^2)) where cl + df ^ 0. The 
isomorphism 6 from C^/. to H^ky = (C^)^ may be taken as 

9{Ap{ci, di), Ap{c2, d2)) = (ci + di 
From this it follows that 



dg'L 



4 dci ddi 



It was shown during the proof of Lemma (|9.2|) that any matrix (^2! mil ) ^^ GL(2)c 
may be written in the form n{u)a{l, t)Ap{ci, di) provided that m1^ + 771^2 7^ 0- Since 
the complement of the set of matrices satisfying this condition has measure zero it 
suffices to make the comparison of measures on the set of elements of Gk^ whose first 
entry satisfies this condition. Any g in this set may be expressed as 

g = {n{u)a{l,t)Ap{ci,di),g2Ap{c2,d2)) 

where g2 = {all all)- We may use aij, i,j = 1,2, Re(u), Im(M), Re(t) and Im(t) as 
real coordinates on (a set of comeasure zero in) Gfc^/G"^^. With respect to these 
coordinates the Jacobian determinant of the map g \-^ gx is 16|t|?| det(5'2)|^- This 
shows, as usual, that the puUback of the measure dy/\P{y)\l to Gk^/Glf.^ is 

, dudt 

where d^2.v{g2) is the coordinate measure on the second factor. (Note that du = 
2dIie{u)dlYa{u) and dt = 2dlie{t)dlm.{t) again.) An easy Jacobian calculation shows 
that a g = n{u)a{l,t)Ap{ci,di) then the coordinate measure is rf-urftrfci (i(ii/|t|||c^ + 
dl\v and so, with dfi^ denoting the product of the coordinate measures on the two 
factors, dfj,v = 2 dg'^ ^ dg" „. Since dg^ = p^pij dfi^i^g) = ^p^p^, dg'^ „ dg'!^ „, it follows that 
h^^y = 2pyPi,. n 

Even though we made use of results obtained from the software package MAPLE in 
the above proofs, everything in this section could have been proved manually without 
undue difficulty. For example, in the proof of Proposition |12.1| , the only place we used 



MAPLE was to determine the Jacobian of the map g 1— > gx. Using the invariance 
properties of the measures, one can easily prove that this is a constant multiple of 
I det(5'3)|^. To determine this constant we only have to compute the Jacobian of the 
above map at the identity element. At this point the Jacobian matrix is a fairly 
sparse 8x8 matrix and its determinant is easily found by hand. Indeed, the value 
of this constant was verified manually in this case. However, we chose not to include 
the details of these manual calculations in this paper. 
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